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The myriad beings of the six worlds - 
gods, humans, beasts, ghosts, demons, and devils - 

are our relatives and friends. 

Tesshu "Bushido" , translated by J. Stevens. 
Introduction 

0.1. Let X be a smooth compact complex curve, M be a holonomic 2?- module 
on X (so outside a finite subset T C X, our M is a vector bundle with a con- 
nection V). Denote by dR{M) the algebraic de Rham complex of M placed in 
degrees [—1,0]; this is a complex of sheaves on the Zariski topology X^ar- Its 
analytic counterpart dR°-"'{M) is a complex of sheaves on the classical topology 
Xci- Viewed as an object of the derived category of C-sheaves, this is a perverse 
sheaf, which we denote by B{M); outside T, it is the local system M^yj, of V- 
horizontal sections (placed in degree —1). Set H'^^{X,M) :— H' {Xzar, dR{M)), 
H^{X,M) :— H' {Xci, B{M)); these are the de Rham and Betti cohomology. We 
have the period isomorphism p : H'^^{X, M) H^{X, M). 

The cohomology H'^^ and iJg have, respectively, algebraic and topological na- 
ture that can be tasted as follows. Let k,k' C C be subfields. Then: 

- For {X,M) defined over k, we have de Rham k-structure H'^^{Xk, Mk) on 
H„^{X,M); 

- A /c'-structure on B{M), i.e., a perverse fc'-sheaf Bk' on Xd together with an iso- 
morphism Bk' (3C ^ B{M), yields Betti k' -structure H' {Xd, Bk') on Hq{X, M). 

k' 

If both (Xfc,Affc) and B^' are at hand, then, computing detp with respect to 
rational bases, one gets a number whose class [detp] in C^/fc^fc'^ does not depend 
on the choice of the bases. In his farewell seminar at Bures [Del] . Deligne, guided 
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by an analogy between [det p] and the constant in the functional equation of an 
L-function, asked if [det p] can be expressed, in presence of an extra datum of a 
rational 1-form v, as the product of certain factors of local origin at points of T and 
div(t/). He also suggested the existence of a general geometric format which would 
yield the product formula (see 0.3 below). Our aim is to establish such a format. 

0.2. Remarks, (i) A natural class of fc'-structures on B{M) comes as follows. 
Suppose for simplicity that M equals the (algebraic) direct image of Mx\t by 
X\T '-^ X. Let IT : X ^ X he the real blow-up of X at T (so X is a real-analytic 
surface with boundary dX — 7r^^(T), and tt is an isomorphism over X \T). Then 
M'^s^rp extends uniquely to a local system on X. Following Malgrange [M] , 
consider the constructible subsheaf ikf^ of of sections of moderate growth (so 
coincides with off dX, and equals if and only if M has regular 
singularities). By [M] 3.2, one has a canonical isomorphism 

i?7r*M^ ^ B{M). (0.2.1) 

Therefore a fc'-structure on ikf-. yields a /c'-structure on B{M). Notice that the 
former is the same as a fc'-structure on the local system AfJ, i.e., on M^^^p, such 
that the subsheaf Af^ is defined over k' . 

(u) By (0.2.1), one has H^{X, M) = H {X, M^). The dual vector space equals 
H'{X, DMj^), where D is the Verdier duality functor, which is the homology group 
of cycles with coefficients in M'^yj^ on X\T, having rapid decay at T. So p, viewed 
as a pairing H'^^ {X, M) x H (X, DMj^) — > C, is the matrix of periods of Af -valued 
forms along the cycles of rapid decay. See |BE| for many examples. 

(iii) The setting of 0.1 makes sense for proper X of any dimension. The passage 
B to perverse sheaves commutes with direct image functors for proper morphisms 
X ^ Y, so the data {Xk, Mk, Bk/) are functorial with respect to direct image. 

0.3. The next format, which yields the product formula, was suggested in the 
last expose of [Del] : 

(i) There should exist e-factorization formalisms for det H'^^ and dot . These 
are natural rules which assign to every non-zero meromorphic 1-form u on X two 
collections of lines ^dR{M)(x,u) and ^b{M)(xm) labeled by points x & X. The lines 
£'?(M)(2. have x-local nature; if a; ^ T U div(i/), then &}{M)(^^ ,j-^ is naturally 
trivialized. Finally, one has e -factorization, alias product formula, isomorphisms 

ri7: (g, &?{M)f^^) ^detm{X,M). (0.3.1) 

(ii) The dc Rham and Bctti e-factorizations should have, respectively, alge- 
braic and topological origin. Thus, if X, M, v are defined over k, then the datum 
{E,AYi{M\x,v)\ is defined over fc, and a fc'-structure on B{M) yields a fc'-structure 
on every £^B(-^)(3;,iy)- One wants these structures to be compatible with the trivi- 
alizations of £-?{M)(^^ ij^ off T U div(i^), and 7?dR, Vb to be defined over fc, fc'. 
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(iii) There should be natural e-period isomorphisms p*^ = p^^. ^-j : ^^dR(Af ~* 
£B(-A^)(a:,iy) of x-local Origin such that the next diagram commutes: 

®Pl^,,) i P i (0.3.2) 

®£b{M)(.,,,) ^ det H^{X,M) 

Suppose {X, M, v) is defined over k. The points in rudiv(i^) are algebraic over 

A: ; let {Oq} be their partition by the Galois orbits. By (ii), the lines (g) £dK{^)(x u) 

xeOc 

carry /c-structure. If B{M) is defined over k' , then, by (ii), £b{M)(^^ ,^-^ carry k'- 
structure. Writing ® pf x in k-k'-ha,ses, we get numbers [pf„ J G C^/fc^fc'^. 

Now (0.3.2) yields the promised product formula 

[detp]=n[pfo„,.)]- (0.3.3) 

We will show that the above picture is, indeed, true. 

0.4. Parts of this format were established earlier: the de Rham e-factorization 
was constructed already in [Del] (and reinvented later in [BBEJ); the Betti coun- 
terpart was presented (in the general context of "animation" of Kashiwara's index 
formula) in [B It remains to construct p^. The point is that £•? satisfy several 
natural constraints, and compatibility with them determines p^ almost uniquely. 
Notice that we work completely over C: the k- and fc'-structures are irrelevant. 

The principal constraints are the global product formula (0.3.1) and its next 
local counterpart. For ly' close to ly, the points of T U div(i^') cluster around T U 
div(i/). Now the isomorphism (g) £7{M)(x'.v') ® ^?(Af)(x,i/) that 

2;'eTUdiv(iy') ' a;eTUdiv(iy) 

comes from global identifications (0.3.1) can be written as the tensor product of 
natural isomorphisms of local origin at points of TUdiv(t^). This local factorization 
structure (which is a guise, with an odd twist, of the geometric class field theory) is 
fairly rigid: £->{M) is determined by a rank 1 local system det Mx\t and a collection 
of lines labeled by elements of tH 

The rest of constraints for M ^ £t{M) are listed in 5.1. We show that there 
is an isomorphism p^ : £dR, ^ £b compatible with them, which is determined 
uniquely up to a power of a simple canonical automorphism of £9, i.e., form a 
Z-torsor E'e/dR- First we recover p^ from r/-compatibility (0.3.2) for (P^,{0,oo}), 
M with regular singularities at 00, and (P^, {0, 1, 00}), AI of rank 1 with regular 
singularities. Having p^ at hand, one has to prove that it is compatible with the 
constraints for all (X, T, M), of which (0.3.2) is central. The core of the argument 
is global: we use a theorem of Goldman [G] and Pickrell-Xia |PXlj . |PX2j . which 
asserts that the action of the Teichmiiller group on the moduli space of unitary 
local systems with fixed local monodromies is ergodic. As in [G], this implies that, 
when the genus of X and the order of T are fixed, the possible discrepancy of 
(0.3.2) depends only on the local datum of monodromies at singularities of M . An 
observation that this discrepancy does not change upon quadratic degenerations of 
X reduces the proof to a few simple computations. 

^In IDell it was suggested that in case when Re(!^) is exact, Re{i/) = df, the Betti e- 
factorization comes from the Morse theory of /; see 4.6 or [B] 3.8 for a proof. 

■^In the same manner as the v-dependence of the classical £-factor of a Galois module V is 
controlled, via the class field theory, by det V . 
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0.5. One can ask for an explicit formula for p'^{M). An analytic approach 
as in jPSj or [SWj shows that the de Rham e-factors of a P-module M can be 
recovered from the 2?°°-module M°° := V°° ®M. Thus the ratio between the e- 

V 

factors of M and of another 2?-module M' (say, with regular singularities) with 
B{M) = B{M'), is certain Fredholm determinant (a variant of r-function). If x 
is a regular singular point of M , then [p^^ can be written explicitly using the 
F-function, see 6.3 (which is similar to the fact that the classical e-factors of tamely 
ramified Galois modules are essentially products of Gaufi sums). An example of 

the product formula is the Euler identity / t°'-'^{l - t)f^-^dt = ^^^W-. 



0.6. Plan of the article: §1 presents a general story of factorization lines (i.e., 
of the local factorization structure); in §2-4 the algebraic and analytic de Rham 
e-factors, and their Betti counterpart are defined; §5 treats the e-period map; in §6 
the e-periods are written explicitly in terms of the F-function. 

A different approach to product formula (0.3.3), based on Fourier transform, 
was developed by Bloch, Deligne, and Esnault |BDE| . [E] (some essential ideas go 
back to pel) and p^; the case of regular singularities was considered earlier, and 
for X of arbitrary dimension, in [X], |LSj . [ST) , and [T])lf| The two constructions 
are fairly complementary; the relation between them remains to be understood. 

Questions & hopes, (o) For Verdier dual M, Af^ the lines f7(M)(2, ^) and 
f7(Af^)(a;,-i/) should be naturally dual|f| and should be compatible with duality. 

(i) The period story should exist for X of any dimension, with mere lines 
replaced by finer objects (the homotopy points of X-theory spectra). For the Betti 
side, see [B]; for the de Rham one, see [P . 

The meaning of local factorization structure for dim AT > 1 is not clear (as of the 
more general notion of factorization sheaves in the setting of algebraic geometry). 
Is there an agebro-geometric analog of the recent beautiful work of Lurie on the 
classification of TQFT? 

(ii) There should be a geometric theory of e-factors (cf. 5.1) for etale sheaves; 
for an etale sheaf of virtual rank on a curve over a finite field, the corresponding 
trace of Frobenius function should be equal to the classical e-factorsH Notice that 
Laumon's construction L (which is the only currently available method to establish 
the product formula for classical e-factors) has different arrangement: its input is 
more restrictive (the forms v are exact), while the output is more precise (the e-lines 
are realized as determinants of true complexes). 

(iii) What would be a motivic version of the story? 

(iv) F-function appears in Dcninger's vision [Den| of classical local Archimedean 
e-factors. Arc the two stories related on a deeper level? 

0.7. I am grateful to S. Bloch, V. Drinfcld, and H. Esnault whose interest was 
crucial for this work, to P. Deligne for the pleasure to play in a garden he conceived, 
to B. Farb for the information about the Goldman and Pickrell-Xia theorems, to 

^ [BDEi considers the case of M of virtual ranis and the Betti structure compatible with 
the Stokes structures (hence of type considered in 0.3(i)). 

*For £b this is evident from the construction; for one can hopefully deduce it from 
(2.10.5) applied to M ffi M^. 

^The condition of virtual rank is essential: the e-line for the constant sheaf of rank 1 
has non-trivial ±1 monodromy on the components of v^s with odd order of zero, so the trace of 
Frobenius function is non-constant on every such component (as opposed to the classical e-factor) . 
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V. Schechtman and D. Zagier who urged me to write formulas, to the referee for 
the help, and to IHES for a serene sojourn. The research was partially supported 
by NSF grant DMS-0401164. 

The article is a modest tribute to Spencer Bloch, for all his gifts and joy of 
books, of the woods, and of our relatives and friends - the numbers. 

1 Factorization lines 

This section is essentially an exposition of geometric class field theory (mostly) 
in its algebraic de Rham version. 

1.1. We live over a fixed ground field k of characteristic 0; "scheme" means 
"separated A:-scheme of finite type" . The category Sch of schemes is viewed as a 
site for the etale topology (so "neighborhood" means "etale neighborhood", etc.), 
"space" means a sheaf on Sch; for a space F and a scheme S elements of F{S) are 
referred to as ^-points of F. All Picard groupoids are assumed to be commutative 
and essentially small. For a Picard groupoid C, we denote by 7ro(>C), 7ri(£) the 
group of isomorphism classes of its objects and the automorphism group of any its 
object; for L e £ its class is [L] G 7ro(£). 

Let X be a smooth (not necessary proper or connected) curve, T its finite 
subscheme, K a line bundle on xE For a test scheme S, we write Xs :^ X x S, 
Ts := T X S, Ks := K M Os] tt : Xs — ^ S" is the projection. For a Cartier divisor 
D on Xs we denote by \D\ the support of D viewed as a reduced closed subscheme. 

Consider the next spaces: 

(a) Div(X): its S'-points are relative Cartier divisors D on Xs/S such that \D\ is 
finite over S; 

(b) 2^ is a scheme whose S'-points c are idempotents in 0{Ts). Such c amounts to 
an open and closed subscheme Tg of Ts (the support of c) ; 

(c) D = D(X, T) C Div(X) X 2"^ consists of those pairs {D, c) that DDTs C ; 

(d) £>* = J)*(X, T; K) is formed by triples (D, c, i^p) where (D, c) G S) and is a 
trivialization of the restriction of the line bundle K{D) := Ks{D) to the subscheme 

p = Pd.c ■.= t^.u\d\. 

Denote by t:o{X) the scheme of connected components of X0 One has projec- 
tion dcg : Div(X) ^ Z''°(^\ hence the projections ^ £» ^ Z'"'^^) x 2^. Notice 
that the component Dc=o equals Div{X \ T), and S)c=i equals Div{X). 

Remarks, (i) Every S-point of J) can be lifted S-locally to D^. 

(ii) Every I'p as in (d) can be extended S-locally to a trivialization v of K{D) 
on a neighborhood V C Xs of P. One can view lyp as an equivalence class of i^'s, 
where v and v' are equivalent if the function v/iy' equals 1 on P. We often write 
(D, c, ly) for (_D, c, vp). 

(iii) Each space F of the list (a)-(d) is smooth in the next sense: for every 
closed embedding S ^ S' , a, geometric point s E S, and G F{S) one can find an 
neighborhood U' of s in S' and (j)' G F{U') such that (j)\u'^ = 4>'\u's- 

(iv) The geometric fibers of Div(X) over Z'^o^^) and of £), over Z'^"'^) x 2^, 
are connected (i.e., every two geometric points of any fiber are members of one 
connected family). 



^Starting from §2, our K equals ujx- 

^Which is the spectrum of the integral closure of k in the ring of functions on X. 
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A comment about the fiber of over {D, c) eD{S): Suppose S is 

smooth, so Pd,c is a relative Cartier divisor in Xs/S. Denote by ^ the Weil 
-Pojc/'S'-descent of GmP, and by K{D)^^ the Weil Po^c/'S'-deseent of the GmP- 
torsor of trivializations of the line bundle if (£))|p^^. Then c is a smooth group 
5-scheme, and K{D)^ ^ is an ^-torsor; for any S-scheme S' an 6"-point of 
K{D)^ c same as a trivialization of K{D) over {Pd,c)s' ■ The latter relative 

divisor contains PDg,,cg, (the corresponding reduced schemes coincide), so we have 
a canonical surjective morphism K{D)^^^ 2)*^ hence a canonical {D, c, i/p) € 
'Z)'>{K{D)^ J. The map K{D)^ JS') ©^^^^(i') is bijective if S' is smooth over 
S, but not in general. 

Examples, (i) Suppose S = X \ T, {D, c) = {£A, 0) where A is the diagonal 
divisor, i is any integer. Then ^ = GmS, and K{D)^ ^ is the Gm-torsor K.^^^ of 
trivializations of the line bundle K{D)\a = K iSiUj^^^^ls- For any S' / S an 5"-point 
of Q) is the same as an S'^g^-point of /C*^^\ i.e., S^^^ q) is the quotient of /C^^^ 
modulo the action of the formal multiplicative group 

(ii) For a point 6 S T let kb be its residue field, T;, C T be the component of 
b, and mt, its multiplicity. Consider {D,c) — {nh, 1;,) G D{S), where S = Spccfc^, 
n is any integer, !(, is the characteristic function of 6 G T{S). Then Pd,c = Tb, so 

p = is an extension of GmS by the unipotent radical. One has K{nb)^ := 
k(d)1^^ i We set := K{Qb)l. 

1.2. Let V be a stack, alias a sheaf of categories, on Sch. For a space F we 
denote by V{F) the category of Cartesian functors V : F ^ V. Explicitly, such V 
is a rule that assigns to every test scheme S and (j) € -F(S') an object G V(S') 
together with a base change compatibility constraint. If V is a Picard stack, alias 
a sheaf of Picard groupoids, then V{F) is naturally a Picard groupoid. 

Below we denote by F the space with F{S) := i^(5red)- The stack of V-crystals 
Vcrys is defined by formula Vcrys('S') := V{S). If F is formally smooth (i.e., satisfies 
the property from Remark (iii) in 1.1 for every nilpotcnt embedding S ^ S"), then 
F is the quotient of F modulo the evident equivalence relation; therefore objects 
of Vcrys(-F') = V(-F) are the same as objects V G V{F) equipped with a de Rham 
structure, i.e., a natural identification a : V^/ for every </>,(/)' G F{S) such 

that 4'\sred = ^'l-Sredi whlch Is transitive and compatible with base change. E.g. if 
is a smooth scheme, then a vector bundle crystal on F is the same as a vector 
bundle on F equipped with a flat connection. 

Key examples: Let Ck be the Picard groupoid of Z-graded A:-lines (with "super" 
commutativity constraint for the tensor structure). Below we call them simply 
"lines" or "fc-lines"; the degree of a line Q is denoted by deg(^). An O-line on 
S (or Os-line) is an invertible Z-graded vector bundle on S. These objects form 
a Picard groupoid £o{S)] the usual pull-back functors make Co a Picard stack. 
Below £c>-crystals arc referred to as de Rham lines; they form a Picard stack CdR- 
Instead of Z-graded lines, we can consider Z/2-graded ones; the corresponding 
Picard stacks are denoted by £q, C'^^. We mostly consider Z-graded setting; all 
the results remain valid, with evident modifications, for Z/2-gradcd one. 

Remarks, (i) Let {X', T') be another pair as in 1.1, and tt : (A', T') (A, T) be 
a finite morphism of pairs, i.e., tt : A' — > A is a finite morphism of curves such that 
7r(T') C T. It yields a morphism of spaces tt* : J)*(A,T;jr) ^ J)''{X',T';tt*K), 
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{D, c, v) ^ {Tr*D, 7r*c, ttV), hence the puU-back functor tt, : V(£l*(X', T'; ■k*K)) 
V(X'*(X, T; i^)) denoted by tt*; if V is a Picard stack, then tt* is a morphism of 
Picard groupoids. If X' = X , T' C T, we refer to tt, as "restriction to {X,T)" . 

Exercise. If T' C T, T^^ = Tied, then the restriction Cdn{'S''{X,T'; K)) 
CdR{Ti''{X,T]K)) is a fully faithful embedding. 

We denote the union of the Picards groupoids £dR(2)*(X, T"; A')) for aU T" 
with Tjf^j = Tred by £dR T; AT)) (here f is the formal completion of X at 

T). 

(ii) The space S)*(X,r; AT), hence £?(I)*(X, T; AT)), actually depends only on 
the restriction of K to X \ T. Indeed, for any divisor i?(T) supported on T, there 
is a canonical identification D''{X,T;K) ^ 'S''{X,T;K{D(t))), {D,c,v) ^ {D - 
D'^frpyv), where ^(7-) equals £'(t) on Tg and to outside. We keep if to be a line 
bundle on X for future notational convenience. 

(iii) If U is any open subset of X, then 'D''{U,Tu\Ku) C S)*(X,r;is:), hence 
we have the restriction functor V(£i*(X, T; if)) ^ V(D^(C/, T^r; Xt/)). 

(iv) Remark (iv) in 1.1 implies that 7ri(/:dR(2)*) = x 2^). 

1.3. Let iSto C Sch be the full subcategory of smooth schemes. For V, F as in 
1.2 we denote by the Picard groupoid of Cartesian functors F\sm — > Vism- 
One has a restriction functor V{F) V^™(i^). If F is smooth in the sense of 
Remark (iii) in 1.1, then this is a faithful functor. 

Exercise. Suppose we have £,£' G Cdni^^) ^^'^ ^ morphism in 
£c)(!D*). Then is a morphism in Cdni^^), if (and only if) the corresponding 
morphism in Z:g"(D^) lies in £^',^'(2)*) El 

Lemma. CdniF) ^ C'JJ^{F). 

Proof. This follows from the fact that >CdR, is a stack with respect to the h- 
topology, and h-locally every scheme is smooth. □ 

Remark. By the lemma and 1.1, one can view £ G >CdR(23*) as a rule that 
assigns to every smooth 5" and (Z?, c) S 'Zi{S) a de Rham line £(^d.c) ■— £{D,c,up) on 
K{D)^ ^ in a way compatible with the base change. 

1.4. For this subsection, X is proper. Let Rat(X, AT) — Rat(X) be a space 
whose iS-points are rational sections i' of the line bundle Ks such that |div(i^)| 
does not contain a connected component of any geometric fiber of Xs/S. There 
is a natural morphism Rat(X) Sc=ij (— div(j/), 1,^), so every £ e £7(1)*) 
yields naturally an object of £7(Rat(X)), which we denote again by £. 

The next fact is a particular case of [BD] 4.3.13: 

Proposition. Every function on Rat{X) is constant. All O- and de Rham lines 
on Rat(X) are constant. 

Proof. Let L be an auxiliary ample line bundle on X; set V^"^^ :— T{X, K ® 
L®"), V^"^^ := r(X, L<^™). Let C/(™) C P(y/"^ x V^"^^) be the open subset of those 
(j) — {4>i,4'2) that neither (jji nor (f)2 vanishes on any connected component of X. 
Consider a map 6'(™) : Rat(X), (0i, ^2) 0i/?!'2- We wiU check that for m 

large the 6'(™)-pull-back of any O- or de Rham line on Rat(X) is trivial, and every 



Hint: Use Remark (iii) in 1.1 for embeddings S ^ S' where S' is smooth. 
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function on is constant. This implies the proposition, since geometric fibers 

of 0^"^^ are connected and the images of 6'*^™^ form a directed system of subspaces 
whose inductive Umit equals Rat(X) (i.e., every ly e Ra.t{X){S) factors ^-locally 
through 6^"^^ for suHiciently large m). 

Notice that the complement to t/^™) in V{Vi"^^ x ^2*'™') codimension > 2 
for m large. Therefore every function and every O- and de Rham line extend to 
P(f/'"' X Vj""^). Thus for m large every function on C/^™^ is constant and every de 
Rham line is trivial. 

The case of an O-line requires an extra argument. Any (i/^i, V'2) G J/*-"-* yields 
an embedding P{T{X, L'^^)) ^ P(y/'"^ x vj""^), 7 ^ (tV'i, 7V'2); here m = n + k. 
For k large, the preimage of [/(™) in P(r(X, L®*^)) is an open dense subset of 
codimension > 2, and 6'^™) is constant on it. Thus for any O-line C on Rat(X) the 
restriction of the corresponding line on FiVi "^^ x ^2'"™'*) ¥(T{X, L^'')) is trivial, 
hence the line itself is trivial, so 0^"^)*C is trivial, and we are done. □ 

Therefore for any £ in or £dR(2)*) the lines for all rational non-zero 

V are canonically identified. Wc denote this line simply by £{X). 

1.5. A finite subset of {{D^, c^, Va)} of ©^(S"), is said to be disjoint if the sub- 
schemes Po^^ca are pairwise disjoint. Then we have S(Z)„) c^, := (Ei?^, Sc„, Sz/a) 
e S'^(S'), where equals Va on Po^-Ca- 

For £ in £7(2)*), where C? is a Picard stack, a factorization structure on £ is 
a rule which assigns to every disjoint family as above a factorization isomorphism 

<8>a ^(Z)„,c„,i/„) — >■ ^S(D„,c„,!^„)- (1.5.1) 

These isomorphisms should be compatible with base change and satisfy an evident 
transitivity property. One defines factorization structure on objects of C?{'I){X, T)), 
£7(Div(A:)), /:7(Div'="'(A:)), or £7(2^) in the similar way. 

Objects of £7(1)^) equipped with a factorization structure are called (K -twisted) 
factorization objects of C? on (X, T; K); they form a Picard groupoid {X. T: K). 
In particular, we have Picard groupoids C%{X,T;K), Cfj^{X,T;K) of O- and de 
Rham factorization lines. 

Proposition. Factorization objects have local nature: U 1— > C^{U,Tu;Ku) is a 
Picard stack on X^f 

Proof. Let tt : ?7 — > X be an etale map. For £ e Cf{X,T\K) one defines 
its pull-back 7r*5 as follows. Take any {D,c,iy) G 1)^{U,Tu; Ku)- It suffices to 
define £(^d,c,i^) etale locally on S. Write {D,c,u) = ^(Dc, Cq., t'c) with connected 
Pa = PD^, 'ce,- Then there is a uniquely defined {D'^,c!^,v'^) e S)*(X,T;ii') such 
that Da is a connected component of the pull-back of D'^ to U and tt yields an 
isomorphism Pq, — > P'^ which identifies VaPa with v'^p, ■ 

Set T^*£(D,c,v) '■= ® ^(-D;>.c;,,0- Due to factorization structure on £, this def- 
inition is compatible with base change, and 'k*£ G Cf {Tt^iUjTjj; Kjj)) so defined 
has an evident factorization structure. Thus £f is a presheaf of Picard groupoids 
on We leave it to the reader to check the gluing property. □ 

NB: The pull-back functor for open embeddings is defined regardless of factor- 
ization structure (see Remark (iii) in 1.2). 

Remarks, (i) The evident forgetful functor /:f^{X,T;K) C%{X,T;K) is 
faithful. By 1.2 (and Remark (iii) in 1.1), for £ G jC.q{X, T; K) a de Rham structure 
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on 8, i.e., a lifting of 8 to T: K), amounts to a rule which assigns to every 

scheme S and a pair of points {D,c,vp),{D' ,c' ,v'p) G which coincide on 

5'red, a natural identification (notice that c = c') 

'■ ^{D,c,vp) ^(D',cyp)- (1.5.2) 

The should be transitive and compatible with base change and factorization. 

(ii) Remarks in 1.3 and (i)-(iii) in 1.2 remain valid for factorization lines. Thus 
we have a Picaxd groupoid £*j^(X, T; K), etc. 

(iii) There is a natural Picard functor 

n Ct{b)^ Cf{X,T-K), (1.5.3) 

which assigns to = {Eh) G n£?(6) a factorization object E with 8i^i:),c,vp) = 
'^^uiT^-^^^/s{E); here T^^^g is the preimage of Trod by the projection p -.Tg ^ T. 

(iv) By Remark (iv) in 1.2 there is a natural isomorphism 

OX(Tred) X OX(7ro(X)) ^7ri(£jR(X,T;jr)). (1.5.4) 

Here (a, /3) G (Trod) x (7ro(X)) acts on 8(^d,c,u) as multiplication by the locally 
constant function Nm^c ^^/5(a)Nm^j,(x)s/s 

(^pdeg{D)y Notice that the embedding 
0><(Tred) ^ 7ri(/:|R(x"T;ir)) comes from (1.5.3). 



1.6. As in 1.1, every (T), c) G S)(5'), is smooth, yields a morphism K{D)^ ^ — » 
hence a Picard functor Cf(T)^) C'!{K{D)^ 8 ^ £(d,c)- In particular, 
following Examples in 1.1, for i! G Z we have f (^) := 8^iA,o) e /:?(/C(^)), and for 
6 G T, n G Z, we have := £:(„fc,i,) G C7{K{nb)^J. Set fr, := 4? £ ^^i^n)- 
Notice that 5^°^ G £7(/C(°^) is canonically trivialized. 

If 5 G CliT)"), then the O-lines 5^ carry a canonical connection along the 
fibers of the projection 8^^^ X\T (see Example (i) in 1.1). A de Rham structure 
on 8 provides a flat connection on 8^^^ that extends this relative connection. 
Since the degrees of lines are locally constant, the factorization implies 

deg(£W) = edeg{8^% deg{8^+'^) = deg{8^^) + deg{8^'^). (1.6.1) 

Let £dR(-^) T) c CdR{X\T) be the Picard subgroupoid of those de Rham lines 
whose connection at every b G Tred bas pole of order less or equal the multiplicity 
of T at b. 

For a Gm-torsor /C over a scheme Y we denote by £dR(^;^) the Picard 
groupoid of dc Rham lines Q on JC such that Q^'^ is constant along the fibers 
(i.e., comes from a de Rham line on Y) and the fiberwise monodromy of G equals 
(_l)dega Tj^yg ijj^^g Picard groupoids Can{X \ T)(^) := £.an{X \ r;/C(^)), 
£ G Z; let CdniX, T)(^) c CdR{X\T)W be the Picard subgroupoids of those Q that 

Choose a trivialization ut of the restriction of K to T, i.e., a collection {fTt} 
of fcb-points in K^^. For a factorization line 8 set 8,^^^ := ^(o.i^.iyTj = the fiber 
of ^Ti, at ■ The next theorem is the main result of this section. The proof for 
T = is in 1.7-1.9; the general case is treated in 1.10-1.11. In 1.11 one finds its 
reformulation free from the auxiliary vt- 
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Theorem. For 8 £ C%{X,T\K) one has f^^) e CdB{X,T)^'^'K and the functor 

C%{X,T-K)^CdR{X,TY^^ ^ n Ck,. £^ I), (1.6.2) 

is an equivalence of Picard groupoids. 

li K = llJx, then the G„i-torsor /C'^-* is trivialized by a canonical section vi 
(its value at a; G X \ T is the element in uj{x)/uj with residue 1). The functor 
1^1 '■ 'CdR(-'^, T)*^^^ CdK^X^T) is evidently an equivalence, so the theorem can be 
reformulated as follows (here £^x\t ■~ '^i^^^'' = ^(A.o.i^i))- 

Theorem'. One has a Picard groupoid equivalence 

C%{X,T-LOx) ^ CduiX.T) X n A., £^ (4'\T'{^-tJ)- (1-6.3) 

Variant. More generally, we can fix a divisor Y,df,h supported on T and take 
for ut a trivialization of K{T,df,b) on T. The corresponding assertion is equivalent 
to the above theorem by Remark (ii) in 1.2. 

Example, li K = lux and T = Trod, then a convenient choice is d;, = 1, for 
K{b)^ is canonically trivialized by i^i as above. We denote the fiber of f^^'' at vi 

1.7. For the subsections 1.7-1.9 we assume that T = 0, so S) = Div{X). 

For a Picard stack £■? and a commutative monoid space D denote by Hom(D, £■?) 
the Picard groupoid of symmetric monoidal morphisms D — ^ C-? (we view D as a 
"discrete" symmetric monoidal stack). Thus an object of Hom(D,£?) is !F G ^^(D) 
together with a multiplication structure which is a rule that assigns to every finite 
collection {Da} of S'-points of D a multiplication isomorphism ®J-Da ^"sd^ 
(where E is the operation in D); the isomorphisms should be compatible with base 
change and satisfy an evident transitivity property. If D^' is the group completion 
of D, then Hom(DS"', £,) ^ Hom(D, £?). 

We are interested in D equal to the monoid space of effective divisors T)yv°^{X) = 
USym"(X) C Div(X); one has Div'=^(X)s'' = Div(X). A multiplication structure 
on T being restricted to disjoint divisors makes a factorization structure. Pulling 
T back to £)* is a Picard functor 

Hom(Div(X), &;) ^ Cl{X- K). (1.7.1) 

Let £jjp{ C £dR be the Picard stack of degree de Rham lines. 

Proposition. One has Hom{Div{X), C%) ^ C%{X;K). 

Proof, (a) Let us show that for any £ £ £"p (X; K) the de Rham lines £^^^ on 
come from de Rham lines on X. 

The claim is X-local, so we trivialize K by section a vq and pick a function t 
on X with dt invertible. Then /C'^^ is trivialized by section v^^^ := VQdt®~^] let z be 
the corresponding fiberwise coordinate on /C^^^. Choose X-locally a trivialization 
g(£) Qf £;(£). Q{i) g ujfc>.i)ix be the restriction of V(eW)/e(^) to the fibers. Then 

— Yif'^jp {x)z'^d\ogz, where f^^\x), fc e Z, are functions on X] we want to show 
that fjf\x) = for fc 7^ oil and /^^^(a;) G Z. 



^The proof uses only the factorization O-line structure on £. 
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Let S" C X X X be a sufficiently small neighborhood of the diagonal, xi, X2 be 
the coordinate functions on S that correspond to t, £)(^i'^2) g Div(X)(<S') be the di- 
visor ^lAi+fzAa. Then (i-X2)"^^i'o is atrivializationof near 
|£)(«i,«2)| Denote by u^^''^^^ the corresponding section of ii'(£>(^i'^=))^(,^ ^ (see 

1.1); set /C(^-^=) := G^i.^^-^^^ C f := 5(^(.„..,,o) • 

Outside the diagonal in 5* one has an embedding ^(^i'^^) . j(^{ei,(2) ^ pr^/C*^^^-* x 
prjA^*^^^-* defined by the factorization; explicitly, it identifies zh'Q'''^^\xi,X2) with 
{z{xi — X2)~^^i^Q^\xi), z{x2 — xi)^'^^Vq^\x2))- Restricting to /C(^i'^2) ^^j^g image of 
e(^i) ^ e*^^^-* by the factorization isomorphism (1.5.1), we get a trivialization e^^^'^^' 
of outside the diagonal in S. Let m(i'i,^2) be its order of pole at the 

diagonal, so {xi — X2)"^''^^'^^^e^^^'^^^ is a trivialization of £^(^1-^2) on S. Therefore 
the restriction ^(^l^^) of V(e(^i'^=))/e(^i'^=) to the fibers is a regular relative form, 
which equals i(^i'^=)*(prt6l(^i) +pr^6l(^=)) = S(4^^\a;i)(a;i-a;2)-'=^=+4^'^(a;i)(a;2- 
Xi)'''^^)z''d\ogz. 

Since 9^^~^^ has no pole at the diagonal, the above formula implies that fjf^ = 
for ki < 0. Similarly, the formula for 6l(^'2^) shows that fjf^ = for k£ > 0. To 
see that /g G Z, notice that the above picture for £1 = £2 = i is symmcrtric; with 
respect to the transposition involution ct of XxX, hence descends to 5/0" C Sym^X. 
Thus m{£,£) is even. One has V(e(^))/e*^^^ = fQ^dlogz + g^^^{x)dx where g^^\x) is 
a regular function. Then V(e(^'^^)/e^^'^^ + dlog(a;i — x^f^^^'^^ is a regular 1-form. 
It equals [j'f' {xx) + /o^''(.T2))(dlog z - dlog(xi - 0:2)) + m{£J)d\og{xi - X2) + 
g^"^^ {x\)dx\ + g^^\x2)dx2- Therefore /q ^x) = m{£,£)/2 S Z, and we are done. 

(b) The next properties of de Rham lines will be repeatedly used. Let tt : if — » 
5 be a smooth morphism of smooth schemes with dense image. 

Lemma, (i) The functor i:* : CdR{S) CdR{K) is faithful. If the geometric fibers 
of t: are connected (say, it is an open embedding), then it* is fully faithful, 
(a) If, in addition, it is surjective, then a de Rham line £ on K comes from S if 
(and only if) this is true over a neighborhood U of the generic point(s) of S. □ 

(c) As was mentioned, Div(X) is the group completion of Div''^(X) = USym"(X). 
So we have the projection Div^^(X) x Div^*^(X) ^ Div(X), (£'i,r>2) Di - D2, 
which identifies Div(X) with the quotient of Div°'^(X) x Div°'^(X) with respect 
to the diagonal action. Therefore a line £ on Div(X) is the same as a collec- 
tion of lines on Sym"i'"=(X) := Sym"i(X) x Sym"=(X) together with 
Div'''^(X)-cquivariance structure, which is the datum of identifications of their 
pull-backs by Sym"i'"^(X) ^ Sym"i'"^(X) x Sym"^(X) ^ Sym"i+"3'"=^+"=' (X), 
(£'1,^2) ^ {Di,D2;Di) (_Di -|-£)3, D2 + -D3) that satisfy a transitivity property. 

Let us prove the proposition. We need to show that any £ G C^{X\K), 
viewed as a mere de Rham line on 2)*, is the pull-back by — » Div(X) of a 
uniquely defined line in C^^(Dvv{X)), which we denote by £ or ^div, and that the 
factorization structure on £ comes from a uniquely defined multiplication structure 
on ^Div 

We use the fact that for any D e Div(X)(5), S is smooth, the projection 
K{D)^ := K{D)^ ^ ^ satisfies the conditions of (i), (ii) of the lemma. 
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To define ^Div on S — Sym"^'"^ (X), we apply (ii) of the lemma to £ on = 
K{Di — I?2)£)j_|_£)2 • Let U be the complement to the diagonal divisor in x X"^ . 
Over U our £ equals (£:(i))^"i K(£-(-i))^"2^ ^nd we are done by (a). The Div'=^(X)- 
equivariance structure on the datum of ^^iv"^ automatic by (i) of the lemma 
(applied to K{Di - 02)01+02+203)- 

The factorization structure on £ yields one on ^Div Let us show that it ex- 
tends uniquely to a multiplication structure. It suffices to define the multiplication 
<S>£oa ^ ^^Da over each IlSym"^"'"^" (X) in a way compatible with the Div''^(X)- 
equivariance structure. Our multiplication equals factorization over the open dense 
subset where all Die are disjoint, so we have it everywhere by (i) of the lemma. 
The compatibility with Div'^'^(X)-equivariance holds over the similar open subset 
of n(Sym"^°'"^°(X) X Sym"^°(X)), hence everywhere, and we are done. □ 

Corollary. The functor (X; K) £^^(X), £ £^^\ is an equivalence. 

Proof. Its composition with the equivalence of the proposition is a functor 

Hom(Div'''^(X), >C"j^) C'^j^{X) which assigns to T its restriction to the compo- 
nent X = Sym^(X) of Div''^(X). This functor is clearly invcrtiblc: its inverse 
assigns to V G £dR(^) the de Rham line Sym(7') on Div°"'(X) = USym"(X), 
Sym{'P)syTn^(x) '■= Sym"'('P) equipped with an evident multiplication structure. □ 

1.8. An example of a de Rham factorization line £ with deg(f (^)) = 1: 
Suppose X = , r = 0, K = Ox- We construct £ in the setting of Remark 

in 1.3. For a smooth 5 and D G Div(iS') the line Ox{D) is naturally trivialized by 
a section vo, i^smxi = n(t — Then uo trivializes the g-torsor K{D)^ g, 

so the canonical character / f{D) of q yields an invertible function ^o € 
{K{D)^ q), (jyoi^) ■= {v lvo){D). Our £{d,o) comes from the Kummer torsor 
for ' placed in degree deg(D), i.e., it equals Oj^^j-,^x [deg(Z))] as an O-line, 

the connection is given by the 1-form ^dlog^D. 

Notice that if D' e Div(5') is another divisor such that |D| n |D'| = 0, then the 
invertible function ud on Xs \ \D\ yields {D,D') := ud{D') e One has 

(£),£)') = (-l)'^^s(o)deg(r.') (1.8.1) 

Let us define the factorization structure on £. Suppose D = UDa, so K{D)^ g = 
IlK{Da)^^ g. Any linear order on the set of indices a yields an evident identifica- 
tion of the "constant" O-lines ®£(Da-0) ^{d,o)- The factorization isomorphism 
(1.5.1) is its product with n {Da, Da')- The choice of order is irrelevant due to 

a<a' 

the "super" commutativity constraint and (1.8.1). Both transitivity property and 
horizontality follow since n(/>£)^ = 0o 11 (£>«, £>«'). 

1.9. Proof of the theorem in 1.6 in case T = 0. Let us check that for £ e 
£fj^(X; K) one has ^^^^ e Cdn{.X)^^\ The claim is X-local, so we can assume that 
K is trivialized and there is a function t on X with dt invertible, i.e.. t : X ^ is 
ctale. Let £' G £*j^(X;iC) be the pull-back of the factorization line from 1.8. Then 
C'ls.{X; K) is generated by C°^{X- K) and £' . Our claim holds for £ G C°^{X- K) 
by 1.7 and it is evident for £'; we are done. 
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Let us show that C% {X;K) £du.{XY^\ £ £<'^\ is an equivalence. Notice 
that the preimage of C CdR{X) equals C^{X;K), and, by the corollary 

in 1.7, C^tiX; K) ^ Cl^{X). Since X-locally there is £ with (leg{£^^^) = 1 by 1.8 
and deg : 7ro(£dR(-''^))/7ro('C°j^(X)) ^ Z, we are done. □ 

1.10. Suppose now T ^ 0. Pick h € Tied, and consider the 0^^-torsor Kf^ (see 
Example (ii) in 1.1; we follow the notation of loc.cit.). 

Let {uj)b ■— 0Jx{oob) /ojx be the fcfc-vector space of polar parts of rational 1- 
forms at 5, (ij-')}^" be the subspace of polar parts of order < n. The Lie algebra of 
O^^ equals 0{T\j). The space Q} [K^^Y™ of translation invariant 1-forms on K^^ is 
its dual. The residue pairing (w)^™'' x ©(T;,) —> kb, {ip,f) ^ ReSb{ftp), identifies 
it with (uj)^"^'' . So one has 

n\K^j^''^{Lj)f"'\ (1.10.1) 

Let J7 be a smooth affine curve over kb, u G U a closed point; as above, we 
set {uj)u ■— llIij(oou)/ujij. Let ^ : U° := U \ {u} —^ K^^ be a /cb-morphism, which 
amounts to a trivialization i/^ of K on Tf, jjo c Xjjo . Denote by (^) the composition 

Lemma, (i) After a possible localization of U at u, one can find D G Div{X){U) 
and a trivialization v of K(D) on a neighborhood V C Xu of \D\ U Tbu such that 
\D\ nXu is supported at b, \D\ HTbU" = 0; and v\Tiuo = ■ 

(ii) Suppose U is a neighborhood ofb, i.e., we have an Stale n :U X, t:{u) = b. 
Then one can find (D, u) as in (i) with D equal to (the graph of) tt if and only if 

— (^) equals tt* , i.e., the composition (w)^™'' C {uj)b ^ {ij->)u- 

Proof, (i) Let us extend to a rational section v oi K on an open subset V of 
Xu, V D Tbu, which is defined at Tbu°- Shrinking U and V, one can find v with 
D := div(z^) prime to Xu (if n is the multiplicity of Xu in D, then we replace u by 
f^^v, where / is any rational function which equals 1 on Tbu° and whose divisor 
contains X^ with multiplicity 1)0 After further localization of U and shrinking of 
V , we get D in T)\v{X){U) and |-D| fl X^ is supported at b; we are done. 

(ii) A map (j):U° ^ K^^ extends to U if and only if for every /3 S n^{K^y'''' 
the form (t>*{j3) G ^{U°) is regular at b. Thus cither of the properties of ^ in 
the assertion of (ii) determines uniquely up to multiplication by an invertible 
function on Tbjj- It remains to present a trivialization v of K{tt) such that the 
corresponding ^ satisfies — (^) = tt*. 

Shrinking X, we trivialize K and pick a function t with dt invertible; set x := 
7r*(t) G 0{U). Our i/ is {t — x)~^. The differential of the corresponding ^ is 
the Lie(O^J = 0(rfc)-valued 1-form v^^dj-v = -(1 + t/x + {t/xY + ...)dx/x. 
So if /3 G 9}{K^y'^^ is identified with ^{t) G {uj)b by (1.10.1), then r(/3) = 
-(Resb(l + t/x + {tjxf + . . .)^j{t))dx/x = -tpix), q.e.d. □ 



^"To find such / (after possible shrinking of U), pick local coordinate t on at b, and x on 
U at u (so t{b) = = x{u), dt{b) + Q + dx(u)); set f = x{x - t™i.)-i. 
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1.11. A dc Rham line T on is said to be translation invariant if the 
de Rham Une ■*T®prlT®-'^ Ues in prlCdK{0^^) C -CdR^O^, x X^J; here • : 
O^^ X K^^ — > JC^^ is the action map, pri are the projections to the factors. Such 
.F's form a Picard subgroupoid C^^{K^^) of £dR(^T6)- 

Lemma, (i) We trivialize K^^, i.e., identify it with O^^. The translation invari- 
ance of T is equivalent to the next properties: 

(a) The de Rham line prlT ® pr'^J^ ® .*jFO-i constant; 

(h) For any smooth curve U , a point u €U, and two maps ^1,^2 : U" := U\{u} —^ 
K^, the de Rham line ^fJ?^® ^IJ?^® (Ci6)*-^®"^ on U° extends to U. 

(c) For some (or every) invertible section ejr of J- on K^^ one has V(ejr)/ejr G 

(ii) There is a natural isomorphism 7ro(/:'J)f (if^J) ^ Z x {{u;)f"^''/Z) 
where Z C (w)^™'' are polar parts of 1-forms with simple pole and integral residue. 

Proof, (i) (a) is evidently equivalent to invariance of J-. Since is a rational 
variety, (a) amounts to the fact that ■*T ® prlT®~^ ® pr2J-®~^ extends to a 
compactification of K^^. This can be tested on curves, which is (b). Finally (c) 
is equivalent to the translation invariance since every invertible function on O^^ is 
the product of a character by a constant, and every line bundle on is trivial. 

(ii) One assigns to T the pair (n, i/') where n = deg(jF) and il) is the class of 
the image of V(e;p)/e^ by (1.10.1). □ 

We say that g e CdK{X \ T)(i) is compatible with € Cf^{KfJ if for some 
neighborhood U of 6, a trivialization of /C*^^) on U, and a map ^ : U° := U\ {b} 
Kf^ as in (ii) of the lemma in 1.10, the de Rham line 1^*0 on U° extends to 

U (the validity of this does not depend on the choice of U, jy, and ^). By loc.cit., 
compatibility is equivalent to the next condition: Pick U, u, and ejr as above; let 
eg be a non-zero rational section of u*g. Then the image of V(e^)/e^ by (1.10.1) 
in (w)^'"''/Z C {ijj)b/'Z equals the class of ^{eg)/eg. 

Let /:^p (XT:K) be the Picard subgroupoid of /:dR(^\T)(i)x n O^^iK^^^) 

formed by those collections (Q, {J'Tt}) that Q is compatible with every J-^t^- Then Q 
lies automatically in £iR{X, r)^^). By (ii) of the lemma, the functor £^j^(X, T; K) ^ 
£dR(^,T)(i) X IljCk,, {Q,{^n}) ^ {G, {:F^tJ), where JT^.^^ is the fiber of J?^t, at 
vt^ from 1.6, is an equivalence of categories. Thus the theorem in 1.6 follows from 
the next one: 

Theorem. For every £ & £%{X, T; K) one has {£^^\{£t^]) G C\j^{X, T; K), and 
the functor 

CtR{X,T-K)^C\^{X,T-K), £^{£W,{£t^}), (Lll.l) 
is an equivalence of the Picard groupoids. 

Proof. The assertion is X-local, and we have proved it for T = 0. So we can 
assume that Tred is a single fc-point b. Thus Tb = T and S is the disjoint sum of 
S)c=o equal to Div(X \ T) and Dc=i equal to Div(X). If needed, we can assume 
that K is trivialized and there is an etale map t : X —> A^. 

(a) Let us show that {£'^^\£t) e C\^{X,T;K). Notice that /:^^{X,T;K) is 
generated by /1^{X,T; K), the image of (1.5.3), and the pull-back by t of the 
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factorization lino on from f .8. Since the assertion is evident for factorization 
lines of the latter two types, it suffices to consider the case of £ e C^{X, T; K). 

We know that E^^^ comes from a de Rham line on X \ T (see 1.7). Let us 
check that £t iw translation invariant using the criterion of (i)(b) in the lemma. 
For [/, M, as in loc.cit., let us choose Di, Vi as in (i) of the lemma in 1.10; then 
fa :— Di + D2, Vd, := viV2 serves ^3 :— ^1^2- The lines £i^Di,i,ui) on U are equal to 

® ii^T on U° by factorization; here ■= E{Di,o)- Since £03 = £di ® £02 by 
1.7, the de Rham line CI£t «> Q^t «> on U° extends to U, q.e.d. 

It remains to check that £^^^ is compatible with £t- Let v is a, trivialization of 
K{A) on an open V cXxX that contains (6, b),U := Vn{{b} xX),^ :U° ^ 
the map defined by the restriction of to T x U°. The de Rham line £(a.i.u) on U 
equals £^^^ 18) ^*£t on U° by factorization. Since the compatibility means that the 
latter line extends to U, we are done. 

(b) Consider the projection tt : D^^^ xDiv(X), {D,l,vp) ^^ {vp\ts,D). 
Let us show for any £ e C^{X,T;K) its restriction £x to S)c=i comes from a 
uniquely defined de Rham line on x Div(X) which we denote by £\ or ^divI • 

We use the fact that for every D £ Div(X)(S'), S is smooth, the projection 
K{D)^ X S satisfies the conditions of (i), (ii) of the lemma in 1.7. 

As in part (c) of the proof in 1.7, we need to define £mvi on every Kl^ x 
Sym"^'"^(X) and provide the Div'^'^'(X)-equivariance structure. Consider our £ on 
K{Di - D2)l^+D,s- Ov<5r X Sym"i'"^(X \ T) it equals £t K £(D,-D,fl) by 
factorization, hence it descends to x Sym"i'"^(X \ T) by 1.7. By (ii) of the 
lemma in 1.7, we have ^:Divi over the whole x Sym"^'"=(X). The Div''*^(X)- 
equivariance is automatic by (i) of the lemma (applied to K{Di — D2)^_^^jj^j^2D3)- 

(c) Our functor sends C%^{X,T]K) to the Picard subgroupoid £°5^(X,T;X) 
oi C\^{X,T-K) formed by all (G,{Tb]) with deg(e) = deg(JS) = 0. Let us prove 
that £0|(X,T;i4r) ^ C°}^{X,T]K) is an equivalence. 

We need to show that every {£^^\£t) G £"p(X, T;iir) comes from a uniquely 
defined £ £ (X, T; K). By the corollary in 1.7, i*^*^^^ defines fo ■— i^^|s)c=oi which 
we can view, by 1.7, as a de Rham line with multiplication structure on Div(X \T). 
As in (b), £\ := comes from x Div(X). By factorizaion, its restriction 

to X Div(X \ T) equals £t^ £0- It remains to show that £t K1 Eq extends in a 
unique way to a de Rham line £1 on x Div(X). 

As in (c) of the proof in 1.7, we should define £1 on every x Sym"^'"^(X) 
and provide the Div(X)°*(X)- cquivariance structure. Our £1 is defined on an open 
dense subset U of triples (^, 1)2), A € Sym"' {X\T). Let U' D U he the open 
subset of those {^,Di,D2) that Di + D2 contains b with multiplicity at most 1. 
Then £ extends to U' due to compatibility of E^^^^ and Et- Since the complement 
to U' has codimension >2,£ extends to x Sym"^'"^(X), and we are done. 

As in loc.cit., the T>iv{Xy^{X) -equivariance is identification of the pull-backs 
of our line by x Sym"i'"^(X) ^ x Sym"'-"'{X) x Sym"^(X) ^ K.f^ x 
Sym"^"*""^'"^^"^ (X). The two de Rham lines coincide on the dense open subset 
JsT^ X Sym"i {X\T)x Sym"'' iX\T), so they are canonically identified everywhere, 
and we are done. The factorization structure on £ is evident. 
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(d) By (c), the theorem is reduced to the claim that our functor yields an 
isomorphism between the quotients 

noiCtniX, T; K))/noiC%iX, T;K))^ M^U^, T; K)) /^.{d'^iX, T;K)). 

The degree map identifies the right group with ZxZ. Our map is evidently injective; 
looking at the image of (1.5.3) and the pull-back by t of the factorization line on 
from 1.8, we see that it is surjective, q.e.d. □ 

1.12. A complement. A connection on a trivialized line bundle amounts to a 
1-form; multiplying the trivialization by /, we add to the form dlogf. Here is a 
similar fact in the factorization story. 

Consider the group 7ri(£* (X, T; if )) of invertible functions on that satisfy 
factorization property. One has evident embeddings {T^cd) ^ '^li^tni-X, T; K)) 
^ TTi{C%{X,T;K)) (see Remarks (iii), (iv) in 1.5). Let C% {X,T; K)'^-^'''^ be the 
kernel of the Picard functor £jj^(X, T;if) Cq(X,T; K). This is a mere abelian 
group (since the functor is faithful); its elements are pairs {£,e) where f is a 
factorization de Rham line, e is a trivialization of £ as a factorization O-line. Let 
co{X, T) be the space of 1-forms on X \ T whose order of pole at any 6 € T is less 
or equal to the multiplicity of T at b. 

Proposition. There is a nat,ural commutative diagram 

T:^{C%{X,T-K))IO^{Tred) ^ 0^{X\T) 

i i (1.12.1) 

C%{X,T-K)'^-*™ ^ oj{X,T). 

Proof, (a) The connection on £^^^ along the fibers of IC^^^ / X \ T is determined 
solely by the O-line structure. So the action of any h e 'Ki{Cq{X,T)) on £^(^' is 
fiberwise horizontal, i.e., it is multiplication by a function hf^^^ G 0^{X \ T). The 
top horizontal arrow is h i— > h^^\ 

For the same reason, for (S,e) e £fj^(X,T;ii')°-*"^ the trivializations of 
f^^'' are fiberwise horizontal, i.e., V(e(^')/e'^^) G uj{X \ T). By the theorem in 1.6, 
V(e(i))/e(i) e uj{X,T). The bottom horizontal arrow is {£,e) ^ V(e(i))/e(i). 

The map TriiC%iX,T; K)) £jj^(X,T;ii')^-*"^, / ^ {Oz,oJl), with kernel 
Tri{Cfj^(X,T: K)) yields the left vertical arrow. The right one is the dlog map. 

The diagram is evidently commutative. It remains to check that its horizontal 
arrows are isomorphisms. 

(b) For every h £ 7ri(£*(X, T)) its restriction to £1^=0 comes from a multi- 
plicative function ho on Div(X \ T). Similarly, if T^ed is a single A;-point b, then 
the restriction of h to 1)^=1 comes from a function hi on x Div(X) such that 
for ^ e K^, D e Div(X \ T) one has hi{^,D) = hi{£,)ho{D). This follows by a 
simple modification of the argument from, respectively, part (c) of the proof in 1.7 
and part (b) of the proof in 1.11. The details are left to the reader. 

Let us show that the map Tri{C%{X,T))/C {T,^d) ^ C(X \T) is injective. 
Suppose we have h such that h'^^^ = 1. Since the group space Div(X\T) is generated 
by effective divisors of degree 1, one has ho = 1. It remains to check that h is locally 
constant on other components of D^. The assertion is X-local, so we can assume 
that Tred is a single fc-point 6, and we look at S)c=i- -^y above, it suffices to check 
that the restriction hr of hi to is constant. We use (i) of the lemma 1.10; 
we follow the notation of loc.cit. For ^ : — > Kf, consider h^u^i^^^ G 0^{U); 
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by factorization, its restriction to U° equals C*^t^(d,o,i^) = ?*^t- Since ^*/it is 
regular at u for every ^, hx is constant, q.e.d. 

A similar argument shows that the bottom horizontal arrow in (1.12.1) is in- 
jective. The details are left to the reader. 

(c) Let us construct a section {X \T) tti{C'q{X, T)), f i-^ f, of the map 
h h^^\ Fix a trivialization vq of K on an open subset Vb of X that contains T. 
For {D, c, i/p) G !D*(S') let us define f(D.c.up) G [S)- Pick v, V corresponding to 

c, Up) as in Remark (ii) in 1.1; we can assume that V C]Ts = Tg. Localizing S, 
we can decompose D in a disjoint sum of D' and D" such that D' <Z V \ Ts and 
D" C Vos- Set 

/(D,c,..) i^oMp"|uT^ • (1.12.2) 

Here {/, i^o/i'}|d"|uT| G 0^(5") is the Contou-Carrere symbol at \D"\ U Tg (see 
[CC| or [BBEj 3.3). One readily checks that (1.12.2) does not depend on the 
auxiliary choices of u and the decomposition D = D' + D" ; its compatibility with 
the factorization is evident. So / e Tri{£'^{X,T)); clearly /(^' = /. 

Remark. If Vq is another trivialization of K near T, f t-^ f the corresponding 
section, then ///' is an element of O'' {T.^d) C Tri{C%{X,T)) whose value at 6 G 
Trod equals (t'Q/i/o)(fo)"'', where div(/) = Snfcb. 

(d) To finish the proof, let us construct explicitly a section of the bottom 
horizontal arrow in (1.12.1). For <j) g uj{X,T), we construct the corresponding 
S't' = i£'^,e) e C%{X,T;K)'^-^''^ using Remark (i) in 1.5. Since S"^ is trivialized 
as an O-line, of (1.5.2) is multiplication by a function a'^ = '^fo' c v' )/{d c vp) ^ 

{S). To determine it, we extend vp^ u'p to v' as in Remark (ii) in 1.1 such that 
V equals v' on K-cd. Then vjv' € 0^{V\P) equals 1 on V^od, so we have a function 
log{iy/iy') e 0(y\P) that vanishes on Ked. The residue Resp/s(log(i^/i^')'/') G C'(S') 
vanishes on S'rcd, and we set 

a'^ := exp(Resp/s(log(z//z/')0)). (1.12.3) 

Our a'^ does not depend on the auxiliary choice of ly' and i^': Indeed, v, v' can be 
changed to /z/, f'v' with /, /' G ©^(F) that coincide on T^od and equal 1 on Tg 
(see Remark (ii) in 1.1); then log(///') is a regular function on V that vanishes 
on Tg, so Resp/5(log(///')(/)) = 0, and we are done. The transitivity of ofi and 
compatibility with base change and factorization are evident; we have defined . 

Remark. Suppose we have {D,c,i^p) G D^{S) where 5" is smooth. The de 
Rham structure on Sfr^ ^ amounts to a flat connection on our line bundle, 

which is the same as a closed 1-form 9'*' = V'^(e)/e on S. Choose v as in Remark 
(ii) in 1.1; then (1.12.3) implies that 

e'f' = Resp/si{ds{i^)/i^)^(^). (1.12.4) 

Here ds means derivation along the fibers of the projection V C Xs X, so dsii') 
is a section of fig M K over V \ P, and ds{v)/v is a section of the pull-back of Vtg 
ioV\P. Of course, due to the lemma in 1.3, one can use (1.12.4) as an alternative 
definition of f^. 

Example. Consider the O-trivialized de Rham line (f^^,e) on the O^^-torsor 
K^^ (see 1.6). Its 1-form 9"^ = V(e)/e is translation invariant and corresponds to 
the functional / ^ ReSb(/0) on the Lie algebra 0{Th) of O^^ (cf. 1.11). 
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It remains to check that the bottom horizontal arrow in (1.12.1) sends {S'f',e) to 
(p, i.e., that V(e^^-')/e^^-' = (j). Pick a local trivialization of K and a local function 
t on X \ T with non- vanishing dt; let x be the corresponding local function on 

S = X \ T . Then u = (t — x)^^ is n trivialization of Ks{A) near the diagonal, so we 
have the do Rham line f^"^ ^ on S. Then ds{v)/v ~ {t — x)^^dx, so, by (1.12.4), 
one has V(e(i))/e(i) = 0'*' = {Rest=x{{t - x)-^(l)j)dx = (p, q.e.d. □ 

Corollary. For £,£' € £%{X,T;K), a morphism £ ^ £' in C%{X,T;K) is 
horizontal, i.e., is a morphism in C'^j^{X,T; K), if (and only if) the corresponding 
morphism £^^^ — > f of O-lines on K.^^^ is horizontal. □ 

Remark. UK = lox, then in the corollary one can replace (^^^^ by the morphism 
•AxXT ^x\T ^x\T of C-lines on X \ T (see 1.6). 

1.13. The next lemma will be used in 2.12. Assume that X \ T is afhne and 
K = uix- The Lie algebra @{X \T) of vector fields on X \ T acts naturally on 
D^iX, f; (j) := JiniS)*(X, nT; w). Therefore we have the notion of e{X \ T)-action 
on any O-linc £ on S)*(X, T; ui). If £ carries a factorization structure, then one can 
ask our action to be compatible with it. Ditto for a de Rham structure. 

Suppose that 5 is a de Rham line. The flat connection yields then a 0(X \ T)- 
action on £, which wc refer to as the standard action. It is evidently compatible 
with the de Rham structure. 

Lemma. Any &{X\T)-action t on£ compatible with the de Rham structure equals 
the standard one. 

Proof. Let tq be the standard action. Then 9 i— > t{6) — to{9) is a Lie algebra 
homomorphism from Q{X \T) to the Lie algebra of de Rham line endomorphisms 
of £. The latter Lie algebra is commutative; the former one is perfect. Thus our 
homomorphism is 0, i.e., r = tq. □ 

1.14. The whole story makes sense in the relative setting. The input is a 
smooth (not necessary proper) Q-family of curves q : X ^ Q (where Q is a scheme) , 
a relative divisor T C X such that Tred is finite and etale over Qred) and a line 
bundle K on X. It yields a space = S*(X/Q, T; K) over Q. If C? is any sheaf 
of Picard groupoids on the category Sch jq of Q-schemes (equipped with the ctalc 
topology), then we have the Picard groupoid >C?(D) and £7(2)*) defined as in 1.2, 
and the Picard groupoid of factorizarion objects £*(X/Q, T; K") as in 1.5. The £7's 
we need arc Co, 'CdR/Q' ^nd Caw., where Ho-, -CdR are as in 1.2, and £dR/Q(5') is 
formed by O-lines equipped with an action of the universal relative formal groupoid 
on SjQ (if SjQ is smooth, then this is the same as a flat relative connection, cf. 1.1). 
All the results above immediately generalize to the relative setting. Thus, as in 1.4, 
for proper q every £ in £c>(S)*) or in £(JR/q(®*) yields an O-line £{X/Q) on Q; if 
£ lies in £dR(2)*)) then £{X/Q) S £dR(Q)- The theorem in 1.6 remains valid both 
in the setting of jC^r/q and £dR, etc. 
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1.15. Suppose k — C, and X is any complex smooth curve. All the above 
definitions and results render into the analytic setting without problems. In fact, 
the story simplifies since C'^^{X,Tj-cd) —^ £ffj(X, T)[3 It is equivalent to the 
Betti version of the story with de Rham lines replaced by local systems of C-lines. 
And the Betti version works if we replace this C by any commutative ring R of 
coefficients. 

Remark. The fact that £*pj {X, T; K) — £*j^(A', Tied! K) permits to consider in 
case K — lox a canonical equivalence (1.6.3) as in Example in 1.6. 

Every de Rham factorization line £ in the analytic setting carries a canonical 
automorphism /i which acts on £(^d.c.w) a-s multiplication by the (counterclockwise) 
monodromy of the de Rham line £(d,c,zv)i z G , around z ~ Q. Notice that /i is 
multiplicative, i.e., we have a homomorphism ji : 7ro(£*f{ (X, T)) 7ri(£*pj(A', T)). 
Same is true for the Betti factorization lines. 

2 The de Rham e-Unes: algebraic theory 

This section recasts the story of jPelj and |BBE| in the factorization line format. 

2.1. We follow the setting and notation of 1.1, so X is a smooth curve over 
fc, T C A" is a finite subscheme. From now on we assume that K from 1.1 equals 
uj^LOx, so =S*(X,r;w). 

Let M be a (left) holonomic 2?-module on (AT, T), i.e., a holonomic module on 
X which is smooth on X\T. We say that T is compatible with M if det Mx\t G 
Cak{X,T) (see 1.6). 

Theorem-construction. M defines naturally a de Rham factorization line £dR{M) 
G £*^(A^, T) with £dR{M)^^\rp — {AetMx\T)^~^ ■ H functorial with respect to 
isomorphisms ofM's, has local origin, and lies in C^j^{X,T) ifT is compatible with 
M. For proper X there is a canonical isomorphism of k -lines rjdR '■ £dR{M){X) — > 
det Hj^j^{X, M). The construction is compatible with base change of k, filtrations 
on M , and direct images for finite morphisms of X 's. 

We construct £m{M) as a factorization O-line in 2.5, and define a de Rham 
structure on it in 2.10. The identification fdR(A^)x\T ~* (det Mx\t)®~"^ is es- 
tablished in (2.6.1); we check that it is horizontal in 2.11. rj^n is defined in 2.7, 
the compatibilities are discussed in 2.8. The compatibility of T with M becomes 
relevant only in 2.10. Let us begin with necessary preliminaries. 

2.2. C-groupoids and C-torsors: a dictionary. Let £ be a Picard groupoid 
with the product operation ®. Below ''C-groupoid" means "enriched category over 
C" . Thus this is a collection of objects J and a rule which assigns to every j, j' £ 
J an object X{j/j') G C, and to every G J a composition isomorphism 
Mj /j') ® X{j' I j") ~* Mj /j") which satisfies associativity property. Then J is 
automatically a mere groupoid with IIom(j', j) :— IIom(l£, A(j/j')). 

Let Ji, J2 be £-groupoids. Their tensor product Ji ® J2 is an £-groupoid 
whose objects ji ® j2 correspond to pairs ji G Ji, j2 G J2, A(ji ® ^2/^1 ® ^2) •— 
KJi/fi) ® Khl32)i and the composition A(ji ® j2/j( ® j'2) ® Kii ® J2/J1' ® J2) ^ 
A(ji®J2/jT®J2) equal to {Mjil j[)®\{32/ j'2))®{MA/ 3'{)®Mj'2/ 32)) ^ {KhM'i)® 
A(jl/ji))®(A(j2/j^))®A(jyj^')) ^ A(ji/j;')®A(j2/j^') where the first arrow is the 

^^Since for any A^-torsor K/S the pull-back functor £^pt(5) ^ C^-fi{K) is an equivalence. 
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commutativity constraint, the second one is the tensor product of the composition 
maps for Ji, J2. 

An C-morphism : Ji — > J2 is an £-enriched functor, i.e., rule which assigns 
to every j G Ji an object e J2, and to every e Ji an identification : 
Mj/j') ^{4>{j) 1 4>{j')) compatible with the composition. Such a (j) yields a mor- 
phism of mere groupoids Ji — > J2- AH £-morphisms form naturally an £-groupoid 
Hom£(Ji, J2). Precisely, there is an /^-groupoid structure on Hom£(Ji, J2) to- 
gether with an £-morphism Hom£(Ji, J2) ® Ji ^ J2 that lifts the action map 
Hom£(Ji, J2) X Ji — » J2 of mere groupoids, and such pair is unique (up to a unique 
2-isomorphism) . The composition Hom£(J2, J3) x Hom£(Ji, J2) ^ Hom£(Ji, J3) 
lifts naturally to a morphism of ^-groupoids Hom£(J2, J3) ® Hom£(Ji, J2) ^ 
Hom£(Ji, J3), etc. 

For an /3-groupoid J its inverse J®^^ is an £-groupoid whose objects are in 
bijection j ^ j^'i with elements of J, and A(j®-V/®-i) = A(j'/j)- 

There are two equivalent ways to define the notion of C-torsor. (a) This is a 
mere groupoid F equipped with a £-action, i.e., a functor ® : C x F ^ F together 
with an associativity constraint, such that for some (hence every) object f & F the 
functor C^F,£i-^£(®f,isan equivalence of groupoids; (b) This is an £-groupoid 
such that the image of A meets every isomorphism class in C. To pass from (a) to 
(b), we lift the groupoid structure on F to £-groupoid one with \{f / f ) := f®f'®^^ 
(the latter is an object of C together with an isomorphism (/ ® f'®~^) ® f f] 
the pair is defined uniquely up to a unique isomorphism). 

For a non-empty £-groupoid J and an £-torsor F both £-groupoids F ® J and 
Hom£( J, F) are £-torsors. In particular, we have the product and ratio of £-torsors 
(with C being a unit). Notice that there is a natural equivalence Fx ® F^^^ ^ 
Hom£(F2, Fi) which assigns to /i (g) /^~^ the £-morphism /2 ^ ^{fU f'i) ® fi- 

Remarks, (i) For any non-empty £-groupoid J the £-morphism J ^ C ® J , 
j !—>■ Ic (8) J, is a universal £-morphism to an £-torsor. 

(ii) Every £-morphism between £-torsors is an equivalence. Thus for non-empty 
Ji's every £-morphism Ji — > J2 yields an equivalence of £-torsors Hom£(J2,£) 
Hom£(Ji,£) and C® Ji ^ £ ® J2; in particular, the £-torsor Hom£(J, £) does 
not change if we replace J by any its non-empty subset. E.g. every j € J yields an 
identification of £-torsors Hom£(J, £) ^ £, A A(j), and £^£®J, ^i— >€(8)J. 

(iii) If Fi — IIom£(Ji,£) where Ji are any £-groupoids, then Fi 1® Fj®"^ 
identifies naturally with the £-torsor whose objects are maps /i : Ji x J2 — ^ £, 
(ji, J2) ^ m(Ji/J2), together with identifications X{j'i/ji) ® f^{ji/j2) ® Kh/f2) 
A*(ji/j2) which are associative with respect to the composition of A on both Ji. 
Here /i ® f^''^ corresponds to niji/j2) /i(ji) ® hih)®^^ ■ 

Suppose a group G acts on a non-empty £-groupoid J. Then it acts on the £- 
torsor £ ® J by transport of structure. We can view this action as a monoidal 
functor g ^ \g from G (considered as a discrete monoidal category) into the 
monoidal category End£(£ ® J), which is naturally equivalent to £. Explicitly, 
Ag :— \{gl'vij) ^ M9{j)/j)j j £ J\ the product isomorphism Ag^ ® Xg^ ^ Xg^g^ 
is the composition X{gi{g2{i)) / 92{i)) ® X{g2{j) /j)) ^ X{{gig2){j)JJ). A monoidal 
functor G — > £ is sometimes called (central) C-extension G^ of Gr^\ 



If C is the Picard groupoid of A-torsors, A is an abelian group, then amounts to a 
central extension of G by A, which is the reason for the terminology. 
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The group G acts on G'' in adjoint way. Namely, for /i e G the isomorphism 
Adft, : \g ^ ^hgh-^ is the composition Ag ^ Ag (8) A/j (8> A^j-i ^ A/j (8> Ag Cg) A/j-i ^ 
A^g/,-1, the first arrow is the tensoring with the inverse to the composition map 
l£ <^ A^(X)A^-i, the second one is the commutativity constraint. Equivalently, Ad^ 
is determined by the condition that the composition X{g{j)/j) ^ Xg ^ghg-^ ^ 
X{hgh~^ {h{j)) / h{j)) = \{h{g[j))/h{j)) coincides with the action of h. 

For commuting g^h £ G we denote by {g,hy G 7ri(vC) -.^ Aut£(l£) their 
commutant in G*", i.e., the action of Adg on A^ or the ratio of Ag ® A/i Xgh and 
Ag (8) A/i — > A/t Ag Xhg = Xgh where the first and the last arrows are the product, 
the middle one is the commutativity constraint (cf. |BBE| A5). 

2.3. A digression on lattices and relative determinants (see e.g. [Drj §5). 

Let S" be a scheme, P be a relative effective divisor in Xs/S finite over S. Let 
E be any quasi-coherent O^s -module such that for some neighborhood V oi P the 
restriction of i? to y \ P is coherent and locally free. 

A P-lattice in E is an Ojfg-submodulc L oi E which is locally free (hence 
coherent) on a neighborhood of P, and equals E on Xs \ P. Denote by Ap{E) the 
set of P-lattices in E. We assume that it is non-empty. Then Ap{E) is directed 
by the inclusion ordering. Since P is finite over 5[, for every P-lattices L D L' the 
Os-module n^{L/L') is locally free of finite rankP'^l 

Ap{E) carries a natural £c'(5)-groupoid structure. Namely, for P-lattices L, 
L' one has their relative determinant Xp{L/ L') G Co{S)\ for L, L', L" there is a 
canonical composition isomorphism 

Xp{L/L') ® Xp{L'/L") ^ Xp{L/L") (2.3.1) 

which satisfies associativity property. This datum is uniquely determined by a 
demand that for L D L' one has Xp{L/L') :— detTT^,{L/L'), and for L D L' D L" 
the composition is the standard isomorphism defined by the short exact sequence 
^ n^{L'/L") TT^L/L") ^ 7r,(P/L') ^ 0. 

We denote by Vetp/siE) the CoiS)-tOTSOT llomca{s)i^piE), Co{S)). Its ob- 
jects, referred to as determinant theories on E at P, are rules A that assigns to every 
L G Ap{E) a line A(L) G CoiS) together with identifications Xp{L/L') (g) A(L') ^ 
X{L) compatible with (2.3.1). Here one can replace Ap{E) by any its non-empty 
subset. Vetp/s^E) is compatible with base change change. 

For quasi-coherent Ox-modules Ei, E2 as above set 

Vetp/s{Ei/E2) := Vetp/s{Ei) ® Vetp/ s{E2)®-\ 

By Remark (iii) in 2.2, objects of this £c'(S')-torsor, referred to as relative deter- 
minant theories on E1/E2 at P, can be viewed as rules /i which assign to every 
P-lattices Li in Ei and L2 in E2 a line /i(Pi/p2) G Co{S) together with natural 
identifications 

Xp{L[/Li) ® fi{Li/L2) ® Xp{L2/L'^) ^ KL'i/L'2) (2.3.2) 

which are associative with respect to composition (2.3.1) on the two sides. We can 
also restrict ourselves to Li in any non-empty subsets of Ap{Ei). 



^■^Lct us show that ■Kt,{L/L') is Os-fiat. We can assume that X is affine, L, V are locally 
free. Since 7rt(L/L') = TTf(L) /■iTf{L') and 7r«L, tt^L' are Og-flat, it suffices to check that for any 
geometric point s of S the map 7r*(L')a — > 7r,(L)a is injective. This is clear, since ■k„{L^'^)s = 
T{Xs,Li'^) and L'^ Ls is injective (being an isomorphism at the generic points of Xs). 
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Remarks, (i) Let E{(xP) :— linji?(nP) be the localization of E with respect 
to P. An evident morphism of £o(S')-groupoids Ap{E) Ap{E{ooP)) yields an 
equivalence 'Detp/s{E) ^ Vet p j g{E{ooP))\ same for relative determinant theories. 
Thus Vetp/s{E) depends only on the restriction of E to the complement of P. 
Notice that Kp{E{ooP)) is directed by both inclusion ordering and the opposite 
one. 

(ii) Let us order the set of pairs of P-lattices (ii, L2) by the product of either 
of the inclusion orderings. Let / be any of its directed subsets. Suppose we have 
a rule A that assigns to every (Li,L2) 6 / a line \{Li/L2) e Co{S) together with 
natural identifications (2.3.2) defined for {Li,L2) > [L'l^L^) and associative for 
(Li, L2) > (i'l, L'2) > (i", L2). Then A extends uniquely to a relative determinant 
theory. 

(iii) The group Aut(£'v'\p) acts on h.p{E{ooP)) as on an £o(S')-groupoid. 
As in 2.2, this defines an £c'(5')-extension Aut{Ey\p)^ of k\it{Ey\p). Thus for 
commuting g',g G Aut(£'v\p) we have {5', 5}'' = {.g',5}p G 0^{S). Example: if 
g' is multiplication by a function / G {V \ P), then {g^gYp equals the Contou- 
Carrere symbol {detg,/}p at P (see e.g. [BBE] 3.3)0 In particular, if / G C(F), 
then {g',g}^p = f{—div{detg)); here div(det g) is the part of the divisor supported 
on V, i.e., at P. 

P-lattices have local nature with respect to P. In particular, if P is the disjoint 
sum of components Pa, then a P-lattice L amounts to a collection of P^-lattices 
La, and there is an evident canonical factorization isomorphism 

XpjLa/L'J ^ \p{L/L') (2.3.3) 

compatible with composition (2.3.1). Therefore 'Detp/g{E) is the Co{S)-toTSor 
product of 'Detp^/s{E). So every collection of determinant theories \a on E at 
Pa yields a determinant theory ®\a on M at P, {®\a){L) := ®\a{La)- Same for 
relative determinant theories. 

2.4. We return to the story of 1.1. Suppose we have {D,c) G D{S). Let us 
apply the format of 2.3 to Ei = Ms = Af Kl Os, E2 = coMs := (w (g) M)s, and 
P = Pd.c- The connection V — V m ■ M ~^ luM yields a relative determinant 
theory ^ij = n{M)J G Vetp/siM/ujM) := Vetp/siMs/u;Ms) defined as follows. 

Let L, be F-lattices in Ms, ujMs such that V(i) C i^^. Let C{L,L^) = 

C{L, L^)m,p be the complex Ms/L ^ loMs/L^ in degrees —1 and 0, i.e., it is the 

quotient dR{M) M Os/Cone{L ~> L^). Then 'n:^C{L,L^) is a complex of quasi- 
coherent Cg-modules. 

Lemma. 'k^C{L, L^^) has Os-coherent cohomology. 

Proof. We can assume that T| —Ts, since the assertion is 5'- local. Its validity 
does not depend on the choice of L, L^. Take them to be "constant" T-lattices 
equal to M, ivM on X \ T, and we are reduced to the case of S* = Spec k, P — T. 

Let X be the smooth projective curve that contains X, T°° := X\X. Let us 
extend M to a holonomic I?-module on X, which we denote also by M ; let i, be 

^■^A short proof: Both expressions are compatible with base change. Since the datum of E, 
P, 9, f can be extended S-locally to a smooth base, we can assume that S is smooth. Then it 
suffices to check the equality at the generic point of S, where the Contou-Carrere symbol is the 
usual tame symbol. The rest is a standard computation. 
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TUT°°-latticcs as above. Since C{L, L^)m,tiit=° — C{L, L^)m,i-®C(L, L^)m,t^ , it 
suffices to check that 7r*C(L, L^j)m,tut°° has finite-dimensional cohomology. There- 
fore we are reduced to the case of projective X. 

Now the lemma follows since C{L,L^) = dR{M)/Cone{L L„), and the 
cohomology of X with coefficients in dR(M), L, are finite dimensional. □ 
Pairs {L,Li^) as above form a directed set Ic as in Remark (ii) in 2.3. Set 

lil{L/L^):^ActTrX{L,L^). (2.4.1) 
If {L',L'^) e Ic is such that L D L', D L'^, then the short exact sequence 
Cone{L/L' L^/L'J C{L',Ll) C{L,L^) together with the identi- 
fication det7r*Cone(L/i' Li^/L'^) = det7r*(La;/-^L) det7r*(Z//i')®~^ yields an 
isomorphism 

Xp(L'/L) (g> fiJ,{L/L^) (E> Xp{L^/L'J ^ ^^J(L'/L'J (2.4.2) 

which evidently satisfies associativity property. By Remark (ii) in 2.3, we have 
defined jij = /^(M/wM)^ e Vetp/siM/uM). 

Remarks, (i) Sometimes it is convenient to consider a smaller directed set 
formed by pairs {L,L^^) that equal M, ivM outside TJ, or its subset of those 
{L, Li^) that are locally constant with respect to S. 

(ii) Denote by jp the embedding X \ T ^ X. Then jT*M := jT*Mx\T is 
holonomic P-module as well; by Remark (i) from 2.3, one has Vetp/s{M /ujM) = 
'Detp/s{jT*M/u)jT*M). Suppose T| = Tg. Then L, are P-lattices in jT*M, 

ujT*M, and Cone{C{L, L^)m,p,C{L, L^)j^_^M,p) ^ dR{Cone{M jp^M)) O Os- 
Thus n{M/u)M)J = ii{jT^M/u;jT*M)J (g) det RTdRpiX, M). 

The above construction has local nature with respect to P. If P is disjoint sum 
of components Pa, and L, correspond to collections of P^-lattices La., L^^ai then 
C{L,Lu) = ®C{La,Li^a)- Passing to the determinants, we see that 

h{M/ujM)J = ®h{M/ojM)\. (2.4.3) 

2.5. Now we can construct the promised fdR(-^) as a factorization O-line. 

For (D, c) G '^{S), any trivialization u of uj{D) on a neighborhood V of 
P = Pjj ^ yields naturally = ^jl{M/loMYp G Vetp/s{M/ujM). Namely, the 
multiplication by v isomorphism Afv'\p ijjMv\p identifies the £c'(S')-groupoids 
Ap(M(ooP)) ^ Kp(ujM{ooP)); passing to Vetp/s, we get fip. Explicitly, for every 
P-lattices L, L^^ one has a canonical identification 

fi-'piL/L^) ^ Xp{uL/L^) = Xp{u^L{D)/K), (2.5.1) 

and identifications (2.3.2) are (2.3.1) combined with the isomorphism 

^L/L' ■■ Xp{L/L') ^ Xp{uL/vL') 

that comes from multiplication by v. 

The r.h.s. of (2.5.1) does not depend on u. Thus every L provides an iden- 
tification ep between /Xp for all trivializations u of ijo{D) near P; it is charac- 
terized by property that (2.5.1) transforms epiL/L^) into the identity map for 
Xp{wL{D)/L^). 

Exercise. Let 1/1,^2 be any trivializations oi uj{D) on V; set / := 1^2/2^1 € 
O^iy). Consider the identifications eL,eL' : /ip /ip . Show that 

ep' = f{div{L/L'))eL. (2.5.2) 
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Here div{L/L') := div((/)L'/'/'L), where (j>L, (f)L> are local trivializations of the line 
bundles det(L), det(L') at P; this is a relative Cartier divisor supported at P. 
If z^iIp = i^2|p, i-e., f\p — 1, then we define a canonical identification 

e : Aip' ^ Mp (2.5.3) 

as follows. The function f{D) e 0^(5*) equals 1 on ^red since f\p = 1. Let f{D)i 
be the branch of the root that equals 1 on Sfcd- Pick a lattice Lq which equals 
M off Tl and is 5-locally constant. TheiHl e f{Dy-^eL„- By (2.5.2), the 
auxiliary choice of is irrelevant: indeed, if Lq, Lq that satisfy our condition, then 
/(div(Lo/-^o)) " 1' fo'' the divisor div(io/io) <S'-locally constant and supported 
on Tg, and /|t| = 1. The identifications e are evidently transitive. 

Remark. Suppose L is an arbitrary lattice. Then 

e = /(div(L/Lo))/(i?)'''^(*'^)/^ei 

where Lq is any lattice as above (see (2.5.2) and (2.5.3)). 
Our e provides a canonical identification of O^-lines 

r := id^,v ® e®-i : nj ® (a^p^)®"! ^ (Mp')®-^ (2.5.4) 

Therefore for (D, c, vp) e I)*(5) the Os-line fj.J, (/Xp)®"^ does not depend on the 
choice of v such that i^|p = vp. Set 

fdR(M)p,,,,^) /i^ ® (/^^)®-^ (2.5.5) 

The construction is compatible with base change, so £dR{M) is an C-line on D^. 
By (2.4.3) and similar property of /ip, it carries a factorization structure. So we 
have defined SdniM) £ C%{X,T). 

Example. If M is supported at T, then fdR(Af)(i5,c,iy) — det RTdRT'-iX, M). 

Summary. Suppose we have {D,c,i>p) G S*(5). By (2.5.1), every L and v 
such that v\p = vp yields an isomorphism 

nvL^, : fdR(M)(D,c,.p) ^ ^J{L/u;L{D)). (2.5.6) 
If /|p = 1, then, by Remark, 

rk(Af) 

TLj. = /(div(Lo/L))/(D) —GL^.. (2.5.7) 

In particular, ji, = r^ ^, for reduced S". 



2.6. Lemma, (^ij On X \ T there is a canonical isomorphism 

fdp(M)(J(^ ^(det Mx\t)^-^ (2.6.1) 

(ii) Suppose T' C T is such that M is smooth at T \ T' . Let £dR{My he the 
restriction to (X,T) of the e-line of M on (X,T'). Then there is a canonical 
identification £dR{M) — > £dR{My . 



^^The reason for the normalization will become clear in 2.10. 
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Proof, (i) Recall that £^^1^ = £{d,o,i^) where S = X \ T, D = A = P is the 

diagonal divisor, and is (the principal part of) a form with logarithmic singularity 
at A with residue 1. Take L = Mx\t- Then C{L,ujL) = 0, hence £dR{M)'^x\T 
IxJ{L/<jjL{D)) ^ Xp{ujL/loL{D)) = det7r*(wL(I?)/wL)®~^ Now (2.6.1) is this 
isomorphism followed by the residue map 7r*(a;L(£')/a;L) ^ L = Mx\t- 

(ii) Evident. □ 



2.7. Proposition. For proper X there is a canonical isomorphism 

VdR : £dR{M){X) ^ det ^^^^(X, M). (2.7.1) 

Proof. By 1.4, (2.7.1) amounts to a natural identification rj^R '■ £dR{M)i, ^ 
dct H^j^ {X, M) (g) Os which is defined for every ^-family of rational 1-forms u on 
X and is compatible with base change. 

Set P = -Pdiv(i'),i = TU |div(i/)|. Since X is proper, for a P-lattice L in M(ooP) 
the complex of Os-modules i?7r*(L) is perfect; set \{L) := deti?7r,(i). Then A is a 
determinant theory on M at P in an evident manner. Replacing M by u)M, we get 
A(^, e Vetp/sitoM), hence A (g) A®""^ € T>etp/s{M/uiM). One has an isomorphism 

A.^^A®Ar\ (2.7.2) 

namely, /x^(L/La;) := Xp{i^L/L^) = X^{,yL) i» X^{L^)^-^ ^ X{L) ® X^{L^)^-^ = 
(A <g) X®~^){L/Li^) where comes from isomorphism : uL ^ L. 

For P-lattices L in M, in tjM with V(L) C (see 2.4), set (iP(L, L^) := 

Cone{L ^ L^) c dP(M). Since dR{M)/dR{L, L^) = C{L, L„), we sec that dR{M) 
carries a 3-step filtration with successive quotients Li^, L[l], C{L,L^). Applying 
det Ptt*, we get an isomorphism 



det RnXiL, L^) ® X{L)®-^ ® A(L^) ^ det i?dR(^, M)®Os. (2.7.3) 

To get rydR, we combine it with (2.7.2) (and (2.5.5)). The construction does not 
depend on the auxiliary choice oi L, L^. □ 

Example. Suppose M is a X'-module on with regular singularities at and 
00, where it is, respectively, the *- and the !-extension. Since Pr(jR(P^,M) = 0, 
our ridR is an isomorphism 

??dR : £dR{M)(o,t-idt) <S) £dR{M)^^^t-idt) ^ k. (2.7.4) 

To compute it explicitly, pick a fc^j-invariant vector subspacc V of r(P-'^\{0, oo}, M), 
which freely generates -/Vfpi\|o,oo} as an O- module and such that the only possible 
integral eigenvalue of tdt on V is 0. Set L := C)pi(— (oo)) V, L^^ := t~^dt (S> L = 
ojpi ((0) + (oo)) (8) L. The condition on V implies that there are O-linear embeddings 
i : L ^ M, i^^ : L^^ u)M, which extend the evident isomorphisms on \ {0, oo}, 
such that V(i) C La> and iuj{(t>^) = for any (j) G t^pi, i & L. Such i, i^^ 

are unique. The complex C{L, L^) ~ C{L, LS)a © C{L, L^)oc is acyclic, so (2.5.6) 
provides trivializations to of fdR(^)(o,f-idt) and too of fdR(-M)(oo,f-idt)- 



Lemma. One has ridRito <8> (-oo) = 1- 



26 



Alexander Beilinson 



Proof. The determinant of the complex i?r(P^ , dR{L, L^^)) has two natural triv- 
ializations ai, 012: the first one comes since the complex is acyclic, the second one 
from the identification det RT{¥^,dR{L, L^)) = det i?r(P\ L^) ® det i?r(pi, L)®"! 
and the multiplication by t^^dt isomorphism L ^ L^. Now (2.7.3) identifies 
io ^ ioo ® OLi with 1, and lq ® Loo ® 012 with T^dRCio ® i-oo)- Since RT{V^,L) = 
RT{¥^,L^) — 0, one has ai = a^] we are done. □ 

2.8. The next constraints follow directly from the construction: 

(i) For a finite filtration M. on M, there is a canonical isomorphism 

5dR(M)^®£dR(gr,M) (2.8.1) 

which satisfies transitivity property with respect to refinement of the filtration. 

Remark. If M = ©M^, then every linear ordering of the indices yields a 
filtration on M, hence an isomorphism £dR(Af) — ® ^dni^a)- This isomorphism 
does not depend on the ordering. Thus fdR is a symmetric monoidal functor. 

(ii) Let TT : {X' ,T') — > {X,T) be a finite morphism of pairs (sec Remark (i) 
in 1.2) which is etale over X\T. As in loc. cit., we have a morphism of Picard 
groupoids tt* : £*(X',T') ^ £*(X, T). We also have the 2?-module direct image 
functor TT* which is exact. If M' is a holonomic I?-module on {X' , T'), then tt^M' is 
holonomic P- module on {X, T). Notice that 7r*Af ' coincides with the "naive" direct 
image tt.M' outside T, and dR{7r^,M') is canonically quasi-isomorphic to Tr.dR(M') 
as a dg module over the de Rham dg algebra of X. Therefore one has a canonical 
isomorphism 

fdR(7r*M') ^ n,£dR{M') (2-8.2) 

compatible with the composition of tt's and with (2.8.1). 

Exercise. Consider the standard isomorphism H^j^{X,tt^,M') ^ H^^{X' , M'). 
If X is proper, then (2.8.2) yields an isomorphism £:dR(7r*M')(^) ^ £diiiM'){X'). 
Show that rydR's identify the second isomorphism with the determinant of the first 
one. 

2.9. Another digression on lattices and relative determinants. For a Clifford 
algebra explanation of the next constructions, see [BBE| 2.14-2.17. In this subsec- 
tion and the next one we use Z/2-graded lines instead of Z-graded ones; as in 1.2, 
the corresponding Picard groupoids are marked by '. 

Let S, P be as in 2.3. Let E, E° be Ox-modules as in 2.3, V a neighborhood 
of P such that both i?, E° arc locally free over V\P, ifj : Ey\p x Ey^p ajy^p/g 

be a non-degenerate pairing. For a P-lattice L in E{ooP) its tp-dual is the 
P-lattice in E°[ooP) such that -0 is a non-degenerate wy/g-valued pairing between 

Lv and L^. The map : Ap{E{ooP)) Ap{E°{ooP)), L i-> t^,{L) := L''', is an 
order-reversing bijection. It lifts to an isomorphism of >C[^(S')-groupoids: 

Lemma. For every L,L' G Ap(E(ooP)) there is a canonical isomorphism 

: Xp{L/L') ^ \p{L^/L'^) (2.9.1) 
of1,/2-graded lines compatible with the composition. 
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Proof. It suffices to define (2.9.1) for L' D L and check the compatibihty with 
composition for L" D L' Z) L. 

The pairing £,£° i— > {£,i°)^ := Resp/5 £°) yields a duality between the 
vector bundles 'k*{L' /L) and t:^,{L^ / L'^), hence a duality between the determinant 
lines \p{L' /L)®\p{L-^lL'-^) ^ Os, ^ (-1)''^ det{£^,£°)^ where 

n = rk7r*(L'/iy). Then (2.9.1) is characterized by the property that idAp(L'/L) 'E)t^ 
identifies the latter pairing with the composition \p{L' /L) ®\p{L/ L') ^ Os- The 
compatibility of t^, with composition is left to the reader. □ 

Remark. Here is a sketch of a Clifford algebra interpretation of t^. Consider the 
Clifford Og-algebra generated by w^Ey^p © n^Ey^p equipped with the hyperbolic 
form Resp/sV- Let N be any "invertible" continuous Clifford module. For any 
P-lattice L the Os-submodlule N^®^"^ of vectors killed by L © L''' Hcs in C'c,{S), 
and Xp{L/L') = N^®^" (g) (AT^'ei"*)®-! ^ Xp(L'f' / L"f'); the composition is t^. 

Passing to Vet'p/g, our yields /i* € Vet'p/g{E/ E°). Thus for L G Ap{E{ooP)), 

e Ap{E°{ooP)) one has ii^{L/L^) = \p{L'^/L^), and identifications (2.3.2) 
are (2.3.1) combined with t^. 

Exercise. Suppose we have another non-degenerate pairing Ey\p x Ey^p — > 
'^v\p/s\ one can write it as i)g{-, ■) = tpig-, ■) = tp{-, '^g-) where g e K\it{Ey\p) and 
'I'g G Aut(£;y\p) is the ^-adjoint to g. Then = 'l'g-\L'l') = {g{L))'l' and 

= "^g-^H = (2.9.2) 

E.g. for / G C>x(y) one has = and r/^ = /(div(L/L'))7-v> : Ap(L/L') ^ 
Ap(L'^/L"^); here div(L/L') was defined in 2.5. 

As in 2.2 and Remark (iii) in 2.3, we denote hy g Xg the £(3(S')-extension 
Aut£'^(S)(Ap(i;(cx)P)))'" of the group Aut£'^(s)(Ap(£;(ooP))); same for E replaced 
by E°. Passing to Vet'p^g, (2.9.2) yields then an isomorphism 

fi'I'o ^ Xi,g-i H'l' ^ ^i''' Xg. (2.9.3) 

Suppose now that E° = E and t/j is symmetric. Then is an involution of 
the /:;p(5)-groupoid Ap{E{ooP)). Therefore, since /x''' = A^^ G Vet'p^g{E/E) = 
C'q{S), the composition yields a canonical identification 

: /x^ ® ^ Os. (2.9.4) 

Explicitly, the isomorphism /i* ^ Xp{t^{L)/L) identifies with the pairing 
Xp{t^{L)/L) ® Xp{t^{L)/L) Os, h^h^ T^[h)h = hr^ih)- 

2.10. Let us construct on £ = EdjiiM) G £*(X, T) a do Rham structure such 
that the identification of (2.6.1) is horizontal. By the corollary in 1.12, it is uniquely 
defined by this property, and the constraints from 2.8 arc automatically compatible 
with the de Rham structure. As in 2.1, we assume that T is compatible with M. 

As in Remark (i) in 1.2, we need to present for every scheme S and a pair of 
points {D , c, Up) , {D' , c' , Up) G D^{S) which coincide on 5red, a natural identifica- 
tion (notice that c = c') 

: £{D,c,iyp) £(D',cyp)- (2.10.1) 

The a'^ should be transitive and compatible with base change and factorization. 

Set P := T^U \D\ U \D'\ = Pd,c U Pd',c- Localizing S, we find an open 
neighborhood V oi P, V (iTs = Tg, together with a datum u, u', k, where: 
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(a) u, u' are trivializations of Wy/5(D), ujv/s{D') which coincide on V^ed and such 
that v\p,j ^ — vp, v\p^, ^ = v'p (cf. Remark (ii) in 1.1); 

(b) K : Mv\p X My\p Ov\p is a non-degenerate symmetric biUnear form. 
We construct explicitly using this datum. 

The notation from 2.9 are in use. One can view k as a non-degeneraratc pairing 
Mv\p X ujMv\p uJv\p/s, which yields fip = fi'^€ Vet'p^g{M/ujM). Wc get 

/i^/" := ® (Mp)®"\ A*p":=Mp®(A'p)®"' e^'ol-?); (2.10.2) 
recall that /Up G Vet'pjg (M/wM) corresponds to the multiplication by v identifica- 
tion of M(ooP) and uiM{ooP). Let us rewrite (2.5.5) as an identification 

£(D,c,.) ^ A*? {^^pf-^ ® ® (Mp)®"' = A'P^" ® Mp (2.10.3) 
There is a similar identification for £(D',cy)- 

Notice that /j.'p" is the line that corresponds to the symmetric pairing k/v = 
u~^n : ujMv\p X u;Mv\p i^v\p/S- So, by (2.9.4), one has a canonical trivializa- 
tion a^/^ : ® ^"Z" ^ Os- 

Let /? : £{D,c,u) ^ ^{D',cy) be an isomorphism obtained by means of (2.10.3) 
from the tensor product of /3i := id^v/^ and an identification /32 : fJ-'p^ n'p" 
such that /3f ^ = a~/y/Ct^/^ and j32 equals identity on S'red- We set := 7/3, where 

7 := expResp/s(log(i/7iv)<^«) G 0^(5). (2.10.4) 

Here v' /v is an invertible function on V \ P that equals 1 on Vrcd, so log(z^'/z^) is 
a nilpotcnt function onV\P, and (f),^ := iVM(detK~^)/ detK~^ G T{V \ P,cov/s) 
where det is the trivialization of dot My'^p defined by k. 

Proposition, does not depend on the auxiliary choice of u,v' , and k. 

Proof, (a) Let us show that does not depend on n for fixed v' . Suppose we 
have two forms k and f^g^ SO K/g (•, •) = K{g-, •) for a K-self-adjoint g G Aut(My\p). 
Consider the corresponding /3, 7 and /3g, 7g. Then /3g//3 and j/jg are functions on 
S that equal 1 on S'rcd; wc want to check that they are equal. 

We have an w-valued symmetric bilinear form ijj := k/v on u)Mv\p- Our g, 
viewed as an automorphism of uiMy^p, is V-self-adjoint and Kg/u = ipg. Since 
Adr^{g) = g~^, wc have the isomorphism Ad^^ : Ag-i Xg (see 2.2). Consider the 
identification ^^!> ^ Xg-i eg) of (2.9.3). The next lemma follows directly from 
the definition of and a^^ as the composition in the b/-extension (see (2.9.4)): 

Lemma, a^,^ equals the corn,position ^1^0 /i''^' ^ Ag-i ® fi^ (g) \g-i ® ji^ ^ \g-i (g) 
\g-i ® ® jjL^ ^ Os- Here the second arrow is the commutativity constraint, the 
third one is tensor product of a map 6^ : A^-i ® Xg-i — > Os, ^1 (8> ^2 1—^ (-lAdr^ (^2); 
and . □ 

There is a similar assertion for ip replaced by t// := k/v'. Combining them, 
we see that {Pg/PY ~ b^/b^>- Since t^i = hr^ where h is the multiplication 
by v' /v automorphism (see (2.9.2)), one has Ad^^, = {h^gYpAdr^ : \g-i ^ Xg 
(see 2.2). Therefore (/3g//3)2 = {{h,gy)-'^; by Remark (in) in 2.3, this equals the 
Contou-Carrere symbol {v'/v, det g}p. 
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Now (f>^,-(j)^^ = i(ilog(detg), hence 7/7g = expResp/s(5 log(!/7'^)c^log(dets')) 
= {{i'' / 1^)^ ^ det g} p , and we are done. 

(b) It remains to show that does not depend on the choice of the hfts ly, v' 
of vp, v'p. One can change v' to fv, f'u' where /, /' G iV) are such that / 
equals /' on I4od, / equals 1 on Pd,c, /' equals 1 on Pd'.c- 

By (a), in the computation we arc free to use k of our choice. We work X- 
locally, so we can assume that c = 1 and pick k to be a non-degenerate symmetric 
form on Mx\t- Then 0^ S '^{X,T) due to the compatibility of T with M, see 2.1. 
The fimction log(/'//) is regular on V and vanishes on Tg. Therefore ^og{f'/f)(j)^ 
is regular at P, hence its residue vanishes. Thus 7(/V',/!/) = ^{y',v). It remains 
to show that fv) = v). 

Let Lq be any T-lattice in M, Lg be the K-orthogonal T-lattice. Since ujLq = 
T^/^{u)Lo{D)) = T^/f,{u)Lo{D)), one has /x"/"^ ^ Xp{u)L;§/u>Lo{D)) ^ Let 
gK . ^k/u ^ pi^i^lf^ be the composition, and r/,,, : £(d,c,i^) ^ ^(D.c.fv) be the tensor 
product of id^v/K and (wc use identifications (2.10.3) for v and fv). Wc sec that 

rig coincides with the isomorphism id^v ® e®~^ where cl^ : ^'p ^Jp was defined 

in 2.5. Thus f{D) ^^tlq '■ ^(d,c,v) ~^ £{d,cJu) is the canonical isomorphism r 
from (2.5.4). 

We want to check that r and the similar isomorphism for /', v' identify 
I3{f'v',fv) with Indeed, e^^ identifies a^//,/ with f{DY^^'^^aK./„ (see Ex- 

ercise in 2.9), so identify I3{f'v',fv) with f{Dy-^f'{D')-'-^(i{v',v). By 
above, this implies the assertion for r. □ 

The isomorphisms are transitive (since such are with fixed n) and ev- 
idently compatible with base change and factorization, so we have defined a de 
Rham structure on £. The horizontality of (2.6.1) will be checked in Example (i) 
of 2.11. 

Remark. Let us fix a non-degenerate symmetric bilinear form k on Mx\t 

(like in part (b) of the proof of the lemma). Then the above construction can be 
reformulated as follows. There is a canonical isomorphism 

£dK{M) ^£i®£2® £3, (2.10.5) 

where £i are the next de Rham factorization lines: 

- £i(D,c,v) '■= \j^p^ in (2.10.2); it depends only on c, i.e., £\ comes from 2^ . 

- £2{D,c,v) '■= Mp''' in (2.10.2), so £2 (S) £2 is canonically trivialized (as a de Rham 
factorization line) by a^/zy • Notice that £2 does not depend on the connection Vm • 

- £3 := £-'*'- G £fR(X,r)°-*"^ (see 1.12), i.e., it is a de Rham factorization 
line equipped with an O-trivialization e with V(e'^^))/e^^^ = —(f>K, where := 
iV(det«;-^)/detK-^ e uj{X,T) (see (1.12.3)). Isomorphism (2.10.5) is (2.1O.3)0e. 

2.11. As in 1.3, the de Rham structure on £ can be viewed as a datum of 
integrable connections on £(^d.c.up) for S smooth. The next explicit construction 
of is a paraphrase of the above: 

Our problem is X-local, so we can fix k as in the above remark and a T-lattice 
L in M; we can assume that c = 1. Choose any v as in Remark (ii) in 1.1. Wc 
have identification rL,v ■ £{d,c,vp) — * f'J-{L/L{D)) = ii^{L/u>L'^) ® \p{loL'^ / L{D)) 
of (2.5.6). Let = ^ be the "constant" connection on fXp{L/u}L'^), and 

= V|,y^ be the connection on Xp{u)L'^ / L{D)) for which the pairing a^/^ : 
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Xp{ijjL'''/L[D))®\p[loL'^/L{D)) Os, 4®4 ^ t-«/i.(^i)^2, of (2.9.4) is horizon- 
tal. We get a connection V,y,K ® on f(_D^c,iy)- Then 

= V,,« - 0,,, (2.11.1) 

where 6'^^^ := ^esp/s{dsv /v ® </>«) G ^^s- Here ds is the derivation along the fibers 
of Xs/X, so dsv/v is a section of TTyfig on F \ P. 

Examples, (i) Let us compute the connection on £^^^ (see 1.6). So let S* be a 
copy of X \ T, P = A, D = £A. Let t be a local coordinate on X \ T, a: be the 
corresponding coordinate on 5*, z be the coordinate on Gm, y := z{t — x)~^dt. Our 
f '^^^ is the de Rham line £[d.o,u) on S* x Gm. 

We take L — Mx\ti so L'^ — L and ij,J,{L/ujL^) is trivialized. Therefore 
£^^^ ~ \p{ujM /ujM{D)). The choice of t trivializes uj and all the vector bundles 
7r,C'A'xs('7tA)/Oxxs(7^A), which provides an identification f'^^ ^ (detAf)*^"^. 
The pairing a^/^ is equal (up to sign) to (z~"detK)^^, n :~ rk(Af), so Vjy.K = 
V((ietM)®-'! + + One\\as dsycGm^l^ = z^^dz + i{t — x)^^dx. Hence 

Ov,K = ^(/"k, and 

In 

V" = V(dctM)»"^ + Y^^'rf^- (2.11.2) 

In case t — 1 and z = 1, (2.11.2) says that (2.6.1) is horizontal with respect to 
and the connection on (det A^xxt)*^"^. 

(ii) Suppose M has regular singularities at 6 G T. Let t be a parameter at h. 
Consider P = b, D = ib, and a family of 1-forms i^z '■= zt~^dt, z G Gm- Let us 
compute the connection on the line bundle £{b,v^) '■= £(D.ib.v^) on Gm. 

Let L be any t9t-invariant P-lattice in M{oob); denote by r the trace of tdt act- 
ing on L/tL, n := rk(M). Let Vo be a connection on £(b,u^) such that rL,i^^ of (2.5.6) 
identifies it with the "constant" connection on z-independent line {L/ujL{D)). 
Then 

£n 

= Vo (y - r)z"Mz. (2.11.3) 

Indeed, consider the above construction with v = and k = t^n^ where kq is 
a non-degenerate symmetric bilinear form on L. Then L** = L{D), so V^.k = Vq. 
The trivialization det n^^ of det M'^'^^^y has pole of order in at b, thus the form 0„ 
has logarithmic singularity at b with residue r — £n/2. Since dz{vz)/i'z = z^^dz, 
one has O^^n — {f ^ £n/2)z^^dz, and we are done by (2.11.1). 

2.12. Let g : X — > Q, T be as in 1.14. Let M be a coherent I?x/Q-niodule 
which is Og-flat and is a vector bundle on X \ T. We call such M a flat Q-family 
of holonomic I?- modules on (X/Q, T). The notion of compatibility of T and Af is 
defined as in 5.1. 

Let dRx/Q{M) ~ Cone{'\/) be the relative de Rham complex. If for some 
(hence every) P-lattices L in Af, in ojM := ojx/q ® with V(L) C L^^ the 

complex q^,{dRx/Q{M)/Cone{L L^^)) has Og-coherent cohomology, then we call 
M a nice Q-family of I?-modules. 

Exercises. Suppose Q — SpecC[s], X — SpecC[t, s], T is the divisor t — 0. 

(i) Show that M generated by a section m subject to the relation tdtm = sm is 
nice, and that the Pjsc/g-module jT*M = M[t~^] is not coherent (cf. |BG| ). 

(ii) Show that M generated by section m subject to the relation t^dtm = sm, 
rt > 1, is nice over the subset s 7^ 0. 
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By a straightforward relative version of the constructions of this section, every 
nice family compatible with T gives rise to a relative factorization line SdRiM) e 
£'^^^q{X/Q,T) (see 1.14). The construction is compatible with base change. For 
proper X/Q, the Og-complex RqdR*iM) := Rqi,dRx/Q{M) is perfect, and we have 
an isomorphism of 0-lincs 77dR : £dR{M){X/Q) ^ dct RqdR*{M). 

Suppose that Q is smooth and the relative connection on M is extended to a 
flat connection (so our nice family is isomonodromic) . 

Proposition. The relative connection on £dR{M) extends naturally to a flat ab- 
solute connection which has local origin and is compatible with base change and 
constraints from 2.8. Thus £dR{M) G C^j^{X/Q,T). For proper X/Q, ridR is 
horizontal (for the Gaufi-Manin connection on the target). 

Proof. Let L = L{{X,T)/Q) be the Lie algebra of infinitesimal symmetries of 
{X,T)/Q; its elements are pairs {9x,0q) where 9x, Oq are vector fields on X, Q 
such that 9x preserves T and dq{9x) = 9q. Our L acts on D'^{X/Q,T;w) and on 
£ £dR{M) by transport of structure. This action is compatible with constraints 
from 2.8 and the relative de Rham structure. 

Variant. Let T' c T be a component of T; set L' := L{{X\T',T\T')/Q) D L. 
Then L' acts naturally on D^{X/Q, T; uj) (see 1.13 where we considered the "verti- 
cal" part of this action). If M = Jt'^M, then this action lifts naturally to £dR{M) 
(as follows directly from the construction of £dR{M)). The L'-action extends the 
L-action (pulled back to D'^{X/Q,T;u)) and satisfies similar compatibilities. 

Lemma. The Lie ideals Lq c L, L'q c L' act on £ via V^. 

Proof of Lemma. It suffices to check this Q-pointwise, so, due to compatibility 
with the base change, we can assume that Q is a point. By the compatibility with 
the first constraint in 2.8, it suffices to consider the cases when M is supported at 
T and M = jT*M. In the first situation the lemma is evident. If M = jT*M, then 
it suflaces to consider the case of L'q for T' = T, i.e., L'q = Q{X\T). The ig-action 
is compatible with the de Rham structure, so we are done by the lemma in 1.13. □ 

We want to define the connection in a manner compatible with the localization 
of X, so it suffices to do it in case when X and Q are affine. Then L/Lq is the 
Lie algebra of vector fields on Q. Therefore, by the lemma, extends in a unique 
manner to an absolute flat connection such that L acts via this connection. 

Remark. In the situation with T' the Lie algebra L' acts on £ via the connection 
as well (by the same lemma). 

All the properties stated in the proposition, except the last one, are evident 
from the construction. Let us show that ?7dR is horizontal. We work Q-locally, so 
we can assume that Q is affine and X \ T admits a section s. We can enlarge T 
to r+ := T U T', T' := s{Q). By the first constraint from 2.8, the assertion for M 
reduces to that for s*s*M and jT'*M = M{ooT'). The first case is evident. In the 
second case the Gaufi-Manin connection comes from the action of the Lie algebra 
L' (for and T'), and wc are done by the remark. □ 

2.13. Compatibility of rjdR with quadratic degenerations of X. We will show 
that ?7dR remains constant (in some sense) when X degenerates quadratically and 
M stays constant outside the node. Notice that the family is not isomonodromic 
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(so 2.12 is not applicable). We will need the result in §5; the reader can presently 
skip the subsection. Consider the next data (a), (b): 

(a) A smooth proper curve Y, a finite subscheme T CY, two points 6+, 6_ e 
{Y \ T){k), a rational 1-form on Y invcrtiblc off T U {b±} and having poles of 
order 1 at b± with Resb^v = ±1. Let t± be formal coordinates at b± such that 
dlogt± = ±1/. 

(b) A P- module N on (Y, TU6±) which has regular singularities at b±, is the *- 
extension at 6+ and the l-cxtcnsion at 6_. Wc also have a i±9t^-invariant 6j--lattice 
L in M, and an identification of the 6±-fibcrs a : Li,^ — > Let A± E End(Lf,_,_) 
be the action of ±t±dt± on the fibers; wc ask that aA+ = A^a, and that the 
eigenvalues of (or A_) and their pairwise differences cannot be non-zero integers. 
Then the restriction of L to the formal neighborhoods Y± — Spf fc[[i±]] of b± can be 
identified in a unique way with Li,j_ [[t±]] so that Lbj_ C T{Y±, L) is i±9t^-invariant. 

Datum (a) yields a proper family of curves X over Q = Spfk[[q\] = lin^ Q„. 
Qn = Speck[q]/q", which has quadratic degeneration at g = 0. The 0- fiber Xq is Y 
with b± glued to a single point bo G Xo{k); let be the embedding Y \ {b+, b-} = 
Xo \ {bo} ^ Xo- Outside bo our X is trivialized, i.e., Ox\{bo} = Cx\{b„}[[q]]- 
The formal completion of the local ring at bo equals fc[[i+,t_]] with q = t^t-, 
and the glueing comes from the embedding /c[[t+,t_]] ^ fc((^+))[['z]] x ^((i-))[[9]]j 
t+ ^ {t+,q/t-), i_ ^ {q/t+,t-). Set U := k{{t+))[[q]] x k{{t.))M/k[[t+,t-]]. 
We have a short exact sequence {TZ is viewed as a skyscraper at 6o) 

O^Ox^ Jbo*Ox\{bo} = Jb„*Ox„\{b„}M] ^n^O, (2.13.1) 

where the right projection assigns to / = S/ng" the image of (/+, /_) in TZ, f± = 
^fn{i±)<f' S fc((i±))[[Q']] are the expansions of / at b±. 

Our family of curves has standard nodal degeneration, so we have the dualizing 
line bundle t^x/Q- Our v defines a rational section vq of ujx/Qi which is "constant" 
on AT \ {60} with respect to the above trivialization, and is invcrtiblc near 60. 

Below for an Ox-module F a relative connection on F means a morphism V : 
F — > u)x/Q®F such that y{f(j)) = d{f )(g;(p + fV{(j)), where d is the canonical differ- 
entiation d : Ox ^xiQ- Set dRx/qiF) := CoTie(V), RqdR*F := Rq^dRx/qiF). 

Datum (b) yields an C-module M on X equipped with a relative connection 
V. Our M is locally free over X \Tq. Outside 60 it is constant with respect to 
the above trivialization: one has M\x\{b„} = ^|y\{6+,6_} [[<?]] = L\Y\{b+,b-}[[q]]- 
The restriction Mq of M to Xq equals L with fibers Lf,^ identified by a. On the 
formal neighborhood of 60 our M equals M^^ and the glueing comes from 

the trivializations of L on Y± (see (b)) and the gluing of functions. Therefore we 
have a short exact sequence 

O^M^ Ub„*L\Y\^b^j,_})[[q]] ^ Mb„ ® 7^ ^ 0, (2.13.2) 

where the right projection assigns to £ = ^£nq" € {jbo*^\Y\{b+,b-}) the image in 
of {£+,£-) Mb,^n, l± = i:£n{t±)q'' e LbJit±))[[q]] = Mb^{{t±))[[q]] are the 
expansions of £ at b± with respect to the formal trivializations of L on Y±. On 
X \ {bo} the relative connection V comes from the 2?- module structure on A^; on 
the formal neighborhood of bo this is the relative connection on M6Q[[t+,f_]] with 
potential At^^dt^f- = —AtZ^dt^. 

Remarks. (2.13.2) is an exact sequence of Oj^-modules equipped with relative 
connections. The projection {t^^k[t^^] ® fc[iI^])[[Q']] ^ 7^ is an isomorphism. The 
relative connection on Mb^ (8) 7?. is V(m (g) f^q^) = i'{A{m) ± amjfi^q^. 
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Set D = — div(i^) — 6+ — Then A\y{vq) = —Dq does not intersect 60, so 
we have an Cg-hne fdR(-^)L/Q := £dK{M)(^DQ,iT,VQ)- immediate modification 
of the construction in 2.7 (to be spelled out in the proof of the proposition below) 
yields an isomorphism 

r?dR : £dK{M),^ ^ det RqAK*M. (2.13.3) 

Our aim is to compute it explicitly. Notice that since our family {X,Tq,M,vq) is 
trivialized outside 60, one has a canonical identification 

fdR(M),^ ^fdR(A^)(D,i.,.)[M]- (2.13.4) 

(i) Consider an embedding Cone(^)[[(7]] ^ dRx/Q{Mi,„(E)TZ) whose components 
areMbJ[g]] ^ M^^^n, m®f{q) ^ m®{Q,f{q)), and Mb, [[g]] ^ ujx/Q®Mi^®n, 
™ ® fil) 1-^ (81 (8> (0, f{q)). By the condition on A, this is a quasi-isomorphism. 
Thus (2.13.2) yields an isomorphism 

deti?gdR*M ^ det RrdR{Y,jb±*N) ^ det Cone{A)[[q\]. (2.13.5) 

Let L~ be a 6±-lattice in N that equals L outside 6_ and t^L at 6_. Set 
C\ := Cone{V : L" ^ a;y(log6+)L), C* := Cone(V : L a;y(log 6±)L). Recall 
that N is the !-extension at 6_ and the *-extension at 6+, so the condition on 
A assures that the embeddings Ci ^ dR{N) and C, ^ dR{jb^t,N) are quasi- 
isomorphisms. Since C^/Ci equals Cone{A) (viewed as a skyscraper at 6_), we see 
that Cone{dR{N) dR{jb±*N)) ^ Cone{A), hence 

deti?rdR(r, A^) ^ dct RTdRiY, jb±*N) ® dctCone{A). (2.13.6) 

Combining it with (2.13.5), we get an isomorphism 

deti?gdR,M ^ det ii'rdR(y, TV) [[(?]]. (2.13.7) 

(ii) Consider a P-module on \ {0, 00} which equals C'pi\{o,oo} ^ -^60 
O-module, V(/ ™) = df (E) m + f (g) A{m.). Let iV be the !-cxtension to 00 and 
the ^-extension to of N. Consider the embeddings t+ : ^ P^, tZ^ ■ Yl ^ 
which identify Y± with the formal neighborhoods of and 00. The trivializations 
of L on Y± from (b) identify the pull-back of N with N\y±- Since the pull-back 
of t~^dt equals y\Y±, we get the identifications ^dR(-^)(6+,i/) — ^ ^dR(-^)(o,t-idt)i 
£dR{N)(b-,u) ^dR(-^) (00, t-irft)- Combined with (2.7.4) (for M in loc. cit. equal 
to N), they produce an isomorphism 

^dR(iV)(6^,,) «. £MN)ib.,.) ^ k. (2.13.8) 

Since £dR{N)„ = £dR{N)(^D,iT,u) <^ £dR{N)(^b+,u) <^ £dR{N)(^b-,u), we rewrite it as 

fdR(A^)(Z3,iT,.) ^ £dRiN).. (2.13.9) 

Proposition. The diagram 

£dR{M\Q ^ det RqdR*M 

i I (2.13.10) 

£dR{NU[q]] ^ det RT,ii{Y,N)[[q]], 

where the vertical arrows are (2.13.9)o(2.13.4) and (2.13.7), commutes. 
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Proof. We check the assertion modulo Thus we restrict our picture to 

Q„ := SpecRn, i?„ := A:[g]/g"+^ we get a Qn-curve X„, M„ = M (g) i?„, etc. 

Let F be a {6+, 6_}-lattice in jb±*N such that V(F) c z/F = a;r(log5±) (g) F; 
set dR{F) := Cone(V : F vF), RT^ji{Y,F) := RT{Y,dR{F)). Then there is a 
canonical isomorphism 



defined as in the proposition in 2.7. Precisely, pick any T U |_D|-lattices E, 
in N, LoN such that V(F) C E^. Denote by FE the T U U pl-lattice 

in jh±*N that equals F off T U \D\ and F off 6±; similarly, FE^ equals F^ 
off h± and i^F off T U \D\. Now follow the construction from the proposition 
in 2.7, with L, L^, dR{M) from loc. cit. replaced by FF, FF„ and di?(F). 
Namely, dR{F) carries a 3-step filtration with successive quotients FE^, FF[1], 
C{E,E^), and /7dR(F) is the composition £dR(^)(_D,ir.i/) ^ dct r(y, C(F, F^^)) (g) 
X{FE^/vFE) ^ detr(r, C(F,F^)) ® det i?r(y, FF^) ® {ActRT{Y,vFE))®-^ ^ 
detT{Y,C{E,E^)) ® detRT{Y,FE^) ® deiRT{Y,FE[l\)) ^ det RT {X , dR{F)) . 

For example, for F = L~ from (i) above one has dR{L~) = C], so i?r(jR(F, L~)) 
= i?rdR(r,7V), and we get 7?dR(i") : £dK{N)(D,iT,^) ^ det 7?rdR(y, iV). We can 
also view L~ as a lattice in N, and compute ??dR : £ak{,N)^ ^ RT^YiiY, N) using it 
(as in the proposition in 2.7). Now the lemma in 2.7 implies that r?dR(F^) equals 

the composition £iK{N\D,i^,.) ^^^^ £dR{N). ^ RTdKiY,N). 

Exercise. If F' c F is a sublattice with V(F') c i^F', then dR{F)/dR{F') = 
Cone{\/ : F/F' vF/vF'). Thus dR{F) carries a 3-step filtration with succes- 
sive quotients di?(F'), vF/vF', F/F', hence det i?rdR(y, F) ^ det i?rdR(r, F') ® 
deiT{Y,vF/vF') (g det r(r, F/F')®"^ The multiplication by v isomorphism 
F/F' ^ vFjvF' cancels the last two factors, i.e., we have det i?rdR(Y', F) ^ 
IdRl^jF'). Show that this isomorphism equals %R(F')77dR(F)~^. 

One can repeat the above story with Y replaced by X„, jb±*N by jbo*N 8) Rn, 
and F, E^ by F (g i?„, E^ (g i?„. For a 6o-lattice G in iba*N g) -R„ (i.e., an 
Ox„-submodule, which is i?„-flat and equals jbo*N (g i?„ outside bo) such that 
V(G) C uG, we get an isomorphism 



For G = Mn, this is (2.13.3) combined with (2.13.4). If G is a "constant" lattice, 
G = F(g)R„, then Rq^R^G = RTdniY, F) ® i?„ and ?7dR(G) = ??dR(F) id^j^. 

By above, the proposition means that r?dR(F^)?7dR(A^n)~^ : det Rq^R^M ^ 
dcti?rdR(y, A^) (g i?„ coincides with (2.13.7). Set F(") := I"+^L, where Z is the 
ideal of {b+,b-} in Oy- Then F^") lies in both and Af„. Set Pn := F'/F'") 
and Fm := Mn/L^"^ (g let Fjv, Sm be their endomorphisms z/~^V. One has 
evident isomorphisms Cone{BM) ^ T{Xn,dR{Mn) / dR{L^''^y) (g F„), Cone{BN) ^ 
T{Y,dR{L-)/ dR{L^'^^)). Thus deti?gdR*M = det iirdR(y, F'")) ® detCone{BM), 
detRrdB.{Y,N) ^ detiirdR(y,F(")) (g detCone(Bjv), so both ?7dR(F-)r7dR(M)-i 
and (2.13.7) can be rewritten as isomorphisms det Cone(FM) — + dot Cone{B]y)^Rn. 

Both det Cone(FM) and detCone(Fjv) are naturally trivialized (since 
detCone(FM) = det(FM) (g dct(FM[l]), etc.). By Exercise, %R(i")%R(A^„)^"^ 
identifies these trivializations. Isomorphism (2.13.7) comes due to the fact that 



VdR{F) : fdR(A^)(B,i^,.) ^ deti?rdR(y,F) 



(2.13.11) 



?7dR(G) : fdR(^)(n,ir,i^) Rn ^ dctF(7dR,G. 



(2.13.12) 
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Cone{BM) and Cone{BN) (g) i?„ are naturally quasi-isomorphic: wo have the ev- 
ident embeddings im ■ Ma ® Rn ^ M„/L("\ : Ma ^ such that 
Bm^m = *M^, BtqiN = In A, which yield quasi- isomorphisms Cone{A) iZ„ 
Cone{B m) , Cone{A) ^ Cone(Bfq). Therefore the ratio of ?7dR,(i )?7dR(Afn)~"'^ and 
(2.13.7) equals the ratio of the determinants of Bm and Bn acting on the quotients 
(M„/L("))/Mo (g) R„, {L- /L'^"'>)/Ma. The first quotient is the direct sum of com- 
ponents Ma (g (t^^, q^tZ') <Si Rn and Ma ® {qH^\tt.) g) i?„ for 1 < i < n, the second 
one is the direct sum of Af„ eg) 0) and Ma ® (0, tL) for 1 < « < n. Both Bm and 
-Bat act on them as A + iid and A — i id, so the two determinants are equal. We 
are done. □ 

2.14. Suppose k = C The definitions and constructions of this section render 

immediately into the complex-analytic setting of 1.15. Thus every triple (X, T, M), 
where X is a smooth (not necessarily compact) complex curve, T its finite subset, M 
a holonomic f- module on {X,T), yields a factorization line £dR{M) G Cf^{X,T) 
in the complex-analytic setting of 1.15. If X and M came from an algebraic set- 
ting, then £fiR{M) is an analytic factorization line produced by the algebraic one 
(defined previously). If an algebraic family of I>-modules is nice (see 2.12), then 
the corresponding analytic family is nice. 

We work in the analytic setting. Let q : X ^ Q, i : T ^ X he as in l.U; we 
assume that T is etale over Q (see 1.15). Let M be a flat family of "D-modules on 
{X/Q,T) which admits locally a T-latticc, sec 2.12. Consider the shcaf-theoretic 
restriction F := idRx/Q{M) of the relative de Rham complex to T. Since q\xOQ = 
Ot, this is a complex of OT-modules. 

Lemma. M is nice if and only if F has Or-coherent cohomology. 

Proof. The assertion is Q-local, so we can assume that T is a disjoint sum 

of several copies of Q. Since qt,{dRx/Q{M)/Cone{L L^^)) is the direct sum of 
pieces corresponding to the components of T, we are reduced to the situation when 

X equals U x Q, where [/ C is a coordinate disc, and T = {0} x Q. 

M extends in a unique manner to a P^^/g-module on Aq which is smooth 

outside T; denote it also by M. So we can assume that X = Aq. Set X := Pg; let 
^ : X ^ be the projection, so X = X \T°° , := {oo} x Q. 

Let us extend M to an Oj^-module M such that the relative connection has 
logarithmic singularity at T°°. Such an M exists locally on Q. Replacing M by 
some M{nT°°), we can assume that the eigenvalues of —tdt in the fiber of M over 

T°° do not meet Z>o. Let dRx/giM) := Cone{M (jM{T°°)) be the relative 
de Rham complex of M with logarithmic singularities at T°°. One has the usual 

quasi-isomorphisms 

Rq^dRx/QiM)) ^ q.{dRx/Q{M)) ^ i-^dRx/QiM). (2.14.1) 

Let L C M, C LoM{T°°) be O^-submodules that equal L, L^^ on X and 
coincide with M, ujM{T°°) outside T. Now dRx/Q{M)/Cone{L L^) equals 
dRx /q{M) /Cone{L — > L^^), so (2.14.1) yields an exact triangle 

RqXone{L L^) tj^dRx/qiM) q^dRx/Q{M)/Cone{L L^). (2.14.2) 

Its left term is Og-coherent, so the other two are coherent simultaneously, q.e.d. □ 
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3 The de Rham e-lines: analytic theory 

From now on we work in the analytic setting over C using the classical topology. 

3.1. Let X be a smooth (not necessary compact) complex curve, T its finite 
subset. For a holonomic P- module M we denote by B{M) the de Rham complex 
dR(M) viewed as mere perverse C-sheaf on X, and set H^{X, M) :— H'{X, B(M)); 
thus one has an evident period isomorphism p : H^(X, M) H^^(X, M). Here is 
the principal result of this section: 

Theorem-construction. Let M, M' he holonomic V-modules on {X,T). Then 
every isomorphism (f> : B{M) ^ B{M') yields naturally an identification of the 
de Rham factorization lines cj)'^ : £dR{M) — > £dR(M'). The construction has local 
origin, and is compatible with constraints from 2. 8. If X is compact, then the next 
diagram of isomorphisms commutes: 

£dR{M){X) ^ £aR{M'){X) 

VdR I VdR I 

det H-^j^{X,M) AeiH-^j^{X,M') (3.1.1) 

pi pi 
det Hg{X,M) detHg{X,M'). 

The idea of the proof: By a variant of Riemann-Hilbert correspondence, B{M) 
amounts to the 2)°°-module M°° . Thus what we need is to render the story of §2 into 
the analytic setting of P'^-modules, which is done using a version of constructions 
from [PS], [SW) . 

An alternative proof of the theorem, which uses 2.13 and §4 instead of analytic 
Fredholm determinants, is presented in 5.8. Thus the reader can skip the rest of 
the section and pass directly to §4. 

3.2. A digression on T>°° -modules and Riemann-Hilbert correspondence. For 
the proofs of the next results, see III 4, V 5.5, or jMej ■ 

For a complex variety X we denote by T>°° or T>^ the sheaf of differential 
operators of infinite order on X. If X is a curve and U is an open subset with 
a coordinate function t, then T>°°{U) consists of series E On^", where a„ are 

n>0 

holomorphic functions on U such that for every e > the series I]a„e~"n! converges 
absolutely on any compact subset. is a sheaf of rings that acts on Ox in an 



evident manner[^ it contains T>x, and T>^ is a faithfully flat Px-module. 

By Grothendieck and Sato, one can realize V°°{U) as H'^^^{U xU,0^uj) 
where A is the diagonal embedding. If X is a curve and U has no compact compo- 
nents, this means that 

V°^{U) ^ {OMuj){U xU\ A{U))/{0 Muj){Ux U). (3.2.1) 

Here fc(x,2/) G (O K uj)(U xU\ A{U)) acts on 0{U) as / fc(/), k{f){x) := 
ReSy=a;fc(a;, y)f{y). 

For a (left) P-module M set M°° := 2?°°®M. The embedding dR{M) ^ 

■D 

dR{]\T^) is a quasi-isomorphism, hence iJ^j^(X,M) ^ iJ^p, (X, M°°). If M is 
smooth, then M ^ M°°. 



^^By [l], 'D'^ coincides with the sheaf of all C-linear continuous endomorphisms of Ox- 



£^-Factors for the Period Determinants of Curves 



37 



For a P°°-niodule N a V-structure on is a P-module M together with a 1)°°- 
isomorphism M°° ^ N. Our N is said to be holonomic if it admits a 2?-structure 
with holonomic M . 

For a holonomic I?-modulc M the de Rham complex dR{M) is a perverse C- 
sheaf, which we denote, as above, by B{M); same for a holonomic 2?°°-module. 
Therefore B{M) = B{M°°). The functor B is an equivalence between the category 
of holonomic 2?°°-modules and that of perverse C-sheaves. The inverse functor as- 
signs to a perverse sheaf F the 2?°°- modul(0 Ox®-F [dim X] . Thus for a holonomic 

c 

M the I?°°-module Af°° carries the same information as B{M). 

The functor M ^ yields an equivalence between the category of holo- 

nomic P-modules with regular singularities and that of holonomic ©""-modules. 
Its inverse assigns to a holonomic 2?°°-module N its maximal P-submodule N'^^ 
with regular singularities, so one has 

^^rs^oo ^ ^3 2 2) 

Therefore every holonomic 2?°°-module admits a unique 2?-structure with regular 
singularities. 

Exercises. Let [/ be a coordinate disc, t be the coordinate, j be the embedding 
U° L/\{0} U. 

(i) Recall a description of indecomposable 2?t/-modules which are smooth of 
rank n on U° and have regular singularity at 0. For s S C denote by Ms.n a 
X>-niodule whose sections are collections of functions (/i) — (/i, •■•,/«) having 
meromorphic singularity at 0, and S/dt{{fi)) = [dtifi) + sfi + fi-i)^ Let M^^^ be 
a P-submodule of Afo,n formed by (/i) with fi regular at 0. Consider an embedding 
Ou Mo,„+i, / ^ (0, . . . ,0, /); set Af2„ := Mo,„+i/0, A/o'„ ■= Ml,,+JO. E.g., 
A/q,! = ^u, and Afg^o = ^ (the 5-function I?-module). Then any indecomposable 
2?[/-module Af as above is isomorphic to either some Mg.n, or one of A/q „, a = 
1,2,3. 

Show that the corresponding P'^-module M°° has the same explicit description 
with "meromorphic singularity" replaced by "arbitrary singularity" . 

(ii) For n > let be a P-module of rank 1 generated by exp(i~"), i.e., 
i?(„) is generated by a section e subject to the (only) relation i"+^9f(e) = — ne. 
Show that there is an isomorphism of 2?°°-modules 

^ © ((5°°)"-!. (3.2.3) 

Here is an explicit formula for (3.2.3). Let g{z), hi{z), . . . , /i„_i(z) be entire func- 
tions such that [dz — nz^'^^^)g{z) = z^^(exp(z") — 1 — z") and {dz — nz^~-^)hi{z) = 
z'~^. Then (3.2.3) assigns e a vector whose {Mq ]^)°°-component is (exp(t~"), g{t^^)) 
and the (5°°-components are /ii(i~^) G (A^o,o)°° = 

3.3. A digression on Fredholm determinants (cf. [PSj 6.6). Recall that a 
Frechet space is a complete, metrizable, locally convex topological C-vector space. 
The category T of those is a quasi-abelian (hence exact) Karoubian C-category. A 
morphism : _F — > _F' is said to be Fredholm if it is Fredholm as a morphism of 
abstract vector spaces, i.e., if Ker0 and Coker0 have finite dimension. Then cf) is 
a split morphism, i.e., Ker0, lm(f) are direct summands of, respectively, F and F' , 

i^Here V°° acts via the Ox-factor, and F ig)' G := RA'F K1 G. 

Ms,n depends only on s modulo Z-translation: one has Mg^„ Ms-i^„, (fi) (tfi)- 
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and F/K.eT(f> ^ Imif). Denote hy ^ C J- the subcategory of Fredholni morphisms 
d{F,F') C Hom(F,F'). 

A Fredholm yields the determinant line :— det(Coker 0)(g)det®~"'^ (Ker (f>) e 

C :— Cc (see 1.2). Sometimes we denote by X{F' F) or, if F = F' , by X{F)^. 
If (j) is invertible, then A^ has an evident trivialization; denote it by det(0) G A^. 

For any Fredholm (p one can find finite-dimensional Fg C F, Fq C F' such that 
(j){FQ) C Fq and the induced map F'/Fq — > F/Fq is an isomorphism (equivalcntly, 
Fa + (t>{F') ^ F,F^^ (/i-i(^o))- Then the exact sequence Ker0 F^ ^ Fq ^ 
Coker0 — > yields a natural isomorphism 

A0^det(i^o)®det®-^(F^). (3.3.1) 

If (j) is invertible, then (3.3.1) identifies det(0) € A^ with the usual determinant of 
(j)\Fi -F^^Fo in Hom(detF^,det(Fo)) = det(i^o) ^ det®-^(F^). 

For Fredholm F" ^ F' ^ F there is a canonical "composition" isomorphism 

A^ A^' ^ A00' , a(g)b>-^ab, (3.3.2) 

which satisfies the associativity property. Therefore i— > A^ is a (central) C- 
extension of ^ (see e.g. |BBE', Appendix to §1, for terminology). To construct 
(3.3.2), choose Fq, Fq, Fq for (p, (j)' as above; then (3.3.1) identifies the composition 
with an evident map det(Fo) ® det®-^(F^) ® det(F^) ® det®-^(F^') ^ det(Fo) ® 
de\®~^{F^). For invertible </>, </>' one has det(0) det (</>') = det((/)0')- 

Suppose F, F' are equipped with finite split filtrations F., F' , (j) : F' —> F 
preserves the filtrations, and grc/) : grF' grF is Fredholm. Then <j> is Fredholm, 
and there is a canonical isomorphism 

A^ ^ «)Agr^0. (3.3.3) 

The identification is transitive with respect to refinement of the filtration. If gT(f) 
is invertible, it identifies det(gr0) = ® det{gr^(f>) with det{<j>). For example, for a 
finite collection of Fredholm morphisms {(j>a}, every linear ordering of indices a 
produces a filtration, hence an isomorphism Ae^^ — > ® A^^ ; it does not depend on 
the ordering. 

Let X^" C X*' C be the two-sided ideals of finite rank, nuclear, and 

compact morphisms in !F. We have the quotient categories J-/T' : their objects 
are Frechet spaces, and morphisms Hom/i?(F,F') equal Rom{F, F')/l'' {F, F'). A 
morphism (j) is Fredholm if and only if is invertible in either T jX' . Therefore 
the groupoids Isom(J-"/Z') of isomorphisms in T jX' are quotients of 5^ modulo the 
X' -equivalence relation (j) — (f)' 6 X' . 

Exercise. Let G' {F) C Aut(F) be the (normal) subgroup of automorphisms "0 
of F that are X' -equivalent to lAp- The next sequence is exact: 

1 G-(F)/G«"(F) ^ Aut/xfi„(F) ^ Aut/i'KF) 1 (3.3.4) 

Proposition. descends naturally to an C-extension Isoni^' [J- /X*''') of the groupoid 
IsomiTlX^''). 

Proof. We first descend t to Isom(J"/X*^'^), and then to Isom(J?^/X*''). 

(i) To descend S^'' to Isom(J^/X^"), means to define for every X*^"-equivalent 
(j>,ip G 'SiF, F') a natural identification t ~ r^^^ : A^ ^ A^ which satisfies the 
transitivity property and is compatible with composition. 
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The condition on cf), %p means that we can find finite-dimensional Fq d F, Fq (Z 
F' such that ((t)-^p){F') C Fq, and the map F' / F(^ F/Fq induced by (or 

-0) is an isomorphism. Then r is the composition ^ det(Fo)(X)det®~^(FQ) ^ 
of isomorphisms (3.3.1) for 0, ip. The construction does not depend on the choice 
of auxihary datum, and satisfies the necessary compatibihties. 

(ii) Recall that for ip G EndF that is X'''-equivalent to id^, its Fredholm deter- 
minant detj (■)/)) g C is defined (see e.g. [Gr2] ) as the sum of a rapidly converging 
series 

AeU{i})) -.^ T, irK''{ip -idp), (3.3.5) 

fc>0 

where [ip — lAp) is the /cth exterior power oi ip — idp ■ If '0 — id^^ is of finite rank, 
then the sum is finite, and deX:g{ip) is the usual determinant 

The central -extension Aut''(F) of Aut(F) is trivialized by the section ip ^ 
(lei{ip). The Fredholm determinant is multiplicative and invariant with respect to 
the adjoint action of Aut(F). We get a trivialization ip i— > T'^^{ip) := det^^('0) det(-0) 
of the C^-extension G*''(F)'' which is invariant for the adjoint Aut(F)-action. 

Since for tp 6 G^'^{F) one has r^'^^tp) = Tidp,^ G A^, our r'^" can be viewed as a 
trivialization of the extension Autyjti,, (F) over the normal subgroup G*"" (F) /G^'^{F) . 
It is invariant with respect to the adjoint action of Aut/ifin(F). Thus, by (3.3.4), 
T^'^ defines a descent of Aut/jfi„(F) to an /^-extension Autyjt, (F) of Aut/xtr(F). 

More generally, for every F, F' G JF, the set Isom/xfi"(F, F') is a 
{G^'{F')/G^''{F'), G"'(F)/G*^"(F))-bitorsor over Isom/itr(F, F'), and we define the 
/^-extension Isom/jt, (F, F')^ as the quotient of Isom^2:fin(^j -P") by the r'^^-lifting 
of either G^"^ {F) / G^"" (F)- or G*^(F')/G^"(F')-action. □ 

Remark. The above constructions are compatible with constraint (3.3.3). 

3.4. For a topological space X whose topology has countable base, a Frechet 
sheaf on X means a sheaf of Frechet vector spaces. A Frechet algebra ^ is a sheaf 
of topological algebras which is a Frechet sheaf; a Frechet A-module is a Frechet 
sheaf equipped with a continuous (left) ^-action. 

The problem of finding Frechet structures on a given ^-module M is delicate. 
Here is a simple uniqueness assertion. Suppose that M satisfies the next condition: 
those open subsets U oi X that M{U) is a finitely generated ^([/)-module form a 
base of the topology of X. 

Lemma. Every morphism of A-modules (p : M —> N is continuous with respect to 
any Frechet structures on M , N . Thus M admits at most one Frechet structure. 

Proof. It suffices to check that the maps (pjj : M{U) N{U) are continuous for 
all U as above. Thus there is a surjective .A(J7)-linear map ttjj : A{U)" M{U). 
The maps ttjj and (pjjT^u are evidently continuous. Since .A(J7)"/Ker(7r[/) M{U) 
is a continuous algebraic isomorphism of Frechet spaces, it is a homcomorphism, 
and we are done. □ 

Example. Every locally free ^-module of finite rank is a Frechet ^-module. 

From now on our X is a complex curve. The two basic examples of Frechet 
algebras on X are Ox and 2?^. For an open U C X the topology on the space of 
holomorphic functions 0{U) is that of uniform convergence on compact subsets of 



i.e., det{ip\pg) where _Fo is any finite-dimensional subspace containing the image of ip — idp. 
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U. If i is a coordinate function on U, then the topology on T)°°{U) is given by a 
collection of semi-norms ||Sa„9"||ii-e := maxE|o„(a;)|e~"n!; here K is any compact 

subset of U and e is any small positive real number. Equivalently, one can use 
(3.2.1): then (O K uj){U x [/) is a closed subspace of [O ^ uj){U xU\ A(J7)), and 
the topology on 'D°°{U) is the quotient one. 

Proposition. Any holonomic 7)°° -module N on X admits a unique structure of a 
Frechet "W^ -module. 

Proof. Uniqueness: As follows easily from Exercise (i) in 3.2, N satisfies the 
condition of the previous lemma. Existence: The problem is local, so it suffices to 
define some Frechet structure compatible with the X'°°(C/)-action on N{U), where 
[/ is a disc and iV is smooth outside the center of U. Then N — M°° where M is 
a P-module with regular singularities; we can assume that M is indecomposable. 
If M ~ Ms,n (see Exercise (i) in 3.2), then, by loc. cit., M°°(t/) ^ M°°{U°) ~ 
0(C/°)", and we equip it with the topology of 0{U°)". Otherwise M°°{U) is a 
subquoticnt of some M^^{U), and we equip it with the corresponding Frechet 
structure. □ 

Question. Can one find a less ad hoc proof (that would not use (3.2.2))? Is 
the assertion of the proposition remains true for all perfect 2?°°-modules (or perfect 
2?°°-complexes) on X of any dimensionlF°l 

3.5. Let K C X he a. compact subset which does not contain a connected 
component of X; denote by Jk the embedding X\K ^ X. Let E' be a Frechet Ox- 
module. Suppose that for some open neighborhood U of K, E\u\k is a locally free 
Of/yx-niodule of finite rank. A K-lattice in E is an Ox-module L, which is locally 
free on [/, together with an Ox-linear morphism L E such that L\x\k ~* E\x\k- 
Then L is a Frechet Ox-module, and L E \s a, continuous morphism. Set 
T(E/L) := H°RT{X,Cone{L -> E)) ^ H" RT{U,Cone{L E)). 

Shrinking U if needed, we can assume that the closure U of [/ is compact with 
smooth boundary dU. We denote by dU a contour in U \ K homologous to the 
boundary of U in U \ K. 

Remarks, (i) For all our needs it suffices to consider the situation when [/ is a 
disjoint union of several discs. 

(ii) If Int(A') 7^ 0, then the morphism L E need not be injective. The map 
L{U) E{U) is injective though, i.e., H"^ RT{U,Cone{L E)) = 0. 

Example. If L is any locally free Ox-module of finite rank, then L is a AT-lattice 
in jK-L := jK\L\x\K)- 

Proposition, (i) L{U) is a direct summand of the Frechet space E{U). 

(ii) If H^{U, L) ~ (which happens, e.g., if none of the connected components of 

U is compact), then E{U)/L{U) ^ T{E/L). 

(Hi) Let {E',L') he a similar pair, and (j) : E' —>■ E be any morphism of Frechet 
sheaves. Then the map E' (U) E{U), viewed as a morphism in T jT*''^ , sends the 
subobject L'{U) to L{U). 



■^"For a perfect X>°°-complex N , IPSchI define a natural ind-Banach structure on its complex 
of solutions i?,?iomx>oc (A^, Ox)- It is not clear if this result helps to see the topology on A^. 
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Proof, (i) We want to construct a left inverse to the morphism of Frechet 
spaces L{U) E{U). It suffices to define a left inverse to the composition L{U) 
E{U) E(U \K)= L(U \ K), i.e., to the restriction map LOI) ^ L{U \ K). 

We can assume that U is connected and non compact o Then one can find 
a Cauchy kernel on [/ x ?7, which is a section k, oi wL*(A) with residue at 
the diagonal equal to — id^. The promised left inverse is / i-^ '^C/); f^{f){x) = 
J K{x,y)f{y). 

dU 

(ii) Follows from the exact cohomology sequence. 

(iii) We want to check that the composition L'{U) E'{U) E{U) 
E{U)/L{U) is nuclear. We can assume that U is connected and non compact. 
Choose an open V D K whose closure V is compact and lies in U. Our map equals 
the composition L'{U) L'{V) E'{V) E{V) E{V)/L{V) ^ E{U)/L(U) 
(for see (ii)). We are done, since the first arrow is nuclear (see e.g. |Grl] ). □ 

Corollary, (a) The isomorphism from (ii) yields a natural Frechet space structure 
on T{E/L), which does not depend on the auxiliary choice of U . 
(h) Every (j) as in (iii) yields naturally a morphism (pEi /l' ,e/l ■ T(E' / L') T{E / L) 
in J- /T^^ . In particular, the spaces T{E / L) for all K -lattices L in E are canonically 
identified as objects of T jT*''^ . □ 

Proof, (a) follows since, for [/' C ?7 as in (ii), the restriction map E{U) / L{U) 
E{U') / L{U') is a continuous algebraic isomorphism, hence a homeomorphism, and 
f/'s form a directed set. The first assertion in (b) follows from (iii); for the second 
one, consider = ids. □ 

3.6. The set Ak{E) of X-lattices in E has natural structure of an £-groupoid 
(see 2.2). Namely, by the corollary in 3.5, for every L,L' G Ak{E) one has a 
canonical identification idE/L.E/L' ■ ^{E/L) ^ T{E/L') in T jT}^ . We set 

A;,(i/L'):=Aid,/.,./.,- (3.6.1) 

The composition 

\k{L/L') ® \k{L'/L") ^ \k{L/L") (3.6.2) 

comes from (3.3.2). □ 
Suppose Ak{E) is non-empty. We get an £-torsor VetxiE) := Hom£(Ax(i?), C) 

of determinant theories on E at K. For Ei, E2 we get an £-torsor VetxiEi/ E2) :— 

VetKiEi) ® 2?eii<-(£'2)®~^ of relative determinant theories on E1/E2 at K. 

li K = UKa, then a iiT-lattice L amounts to a collection of i^Q-lattices La, and 

one has an evident canonical isomorphism 

® Xk^ {LJL'^) ^ \k{L/L') (3.6.3) 

compatible with composition isomorphisms (3.6.2). Thus one has a canonical iden- 
tification ^VetK^E) -> VetxiE), (®Aa)(L) = (g)Aa(ia). 

Below we fix a neighborhood U oi K a.s in 3.5; we assume that it has no compact 
components, so for every if-lattice L the C'(C/)-module L{U) is free. 

Ak{E) carries a natural topology of compact convergence on U \ K. Namely, 
to define a neighborhood of L we pick an 0{U)-hase {ti} of L{U), a compact 



■^^If U is compact, then L{U) is finite dimensional, and the assertion follows from the Hahn- 
Banach theorem. 
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C C U \ K and a number e > 0. The neighborhood is formed by those L' which 
admit a base {i'^} of L'(U), i[ — Y.aijii, with (ay) e-close to the unit matrix on C. 

The £-groupoid structure on AxiE) is continuous, i.e., Xk form naturaUy a 
line bundle on Ak{E) x Ak{E), and the composition is continuous (cf. [PS| 6.3, 
7.7). Namely, if P is a closed linear subspace of E{U), then the subset A^{E) of 
those ii'-lattices L that L{U) is complementary to P, i.e., P ^ r{E/L), is open 
in Ak{E). For L,L' G A^'(£') the morphism idE/L,E/L' in T jT}^ is represented 
by idp, hence the restriction of \k to A|^(i?) x A^(E) is trivialized by the section 
8^ :— det(idp). The topology on \k is uniquely determined by the condition that 
all these local trivializations are continuous, and the composition is continuous. 

Remarks, (i) If K' is a compact such that K C K' C U, then every iiT-lattice 
L in is a /T'-lattice, and Xk'{L/L') = \k{L/L'). Hence VetxiE) = VetK'{E). 

(ii) By (iii) of the proposition in 3.5, the subobjects L{U), L'{U) of E{U) coin- 
cide if viewed in J^/X'"'. Let (j)u : L{U) ^ L'{U) be the corresponding isomorphism 
in JF/I*''. Then there is a canonical identification 

\k{L/L')^\1-' (3.6.4) 

compatible with the composition maps. Indeed, by (3.3.3) and Remark at the end of 
3.3 applied to the filtrations L^''> C E{U), one has Aid^^^ ® A^^ ^ Aid^;^;) = C. 

(iii) Every i^T-lattice Lin E can be viewed as a X-lattice in jx-E :— jK-jx^ (^^^ 
L ^ E ^ jK-E). Then (3.6.4) shows that Xk{L/L') does not depend on whether 
we consider L, L' as if -lattices in E or in Jk-E. Thus VetKiE) — VetKiiK-E). 

(iv) Let S be an analytic space, Ls be an 5-family of iiT-latticcs in £'o Then 
the pull-back of Xk to 5* x 5 is naturally a holomorphic line bundle, so that the 
pull-back to S of any local trivialization is holomorphic. 

(v) If L, L' are meromorphically equivalent, then Xk{L/ L') coincides with the 
relative determinant line from 2.3 (where P is a finite subset in K such that L 
equals L' off P). Indeed, in view of (3.6.2), it suffices to identify the lines in case 
L D L', where the identification comes from L{U)/L'{U) ^ T{U,L/L'). If i, L' 
vary holomorphically as in (iv), then this identification is holomorphic. 

(vi) For every / G 0^(C/ \ if) the lines XkUL/L) for aU L G AkUk-E) 
are canonically identified. Namely, one defines the isomorphism Xxif L' / L') ^ 
XkHL/L) 'asXkUL'/L') ^ XK{fL'/fL)®XK{fLlL)®XK{L'/L)'^-^ ^ XKifL/L) 
where the first arrow is inverse to the composition, and the second comes from the 
multiplication by / identification Xk{L' / L) ^ XkUL' / fL). 

(vii) Let g G (U) be an invertible function. The multiplication by g auto- 
morphism of E\ij preserves every if-lattice. Let g{L/L') G be the corresponding 
automorphism of Xk{L/ L'). 

Example. Suppose that Xk{L/L') has degree 0. Choose a Frechet isomorphism 
a : T{E/L) ^ T{E/L') which represents 'v1e/l,e/l'- Then g{L/L') is the Fred- 
holm determinant '^<it^{ct^^gE/L'<^g~E/i)^ where gEjhi QEjv are multiplication by 
g automorphisms of T{E/L), T{E/L'). 

Here is a formula for g{L/L') (cf. [PS] 6.7, [SW] 3.6). Consider the line bundle 
AetE\u\K- Then L G AkUk-E) yields a if-lattice det L\u £ AkIJk- det Ey\K)- 
We can assume that U has no compact components. Then the line bundle det L\ir 



^^I.e., Lg is an -module together with a morphism L Eg such that Lg is locally free 
on Us, and L — > Eg is an isomorphism off Kg. 
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is trivial; let 6^ be any its trivialization. For two lattiees L, L' we got a function 
Ol/Ol' G (£/ \ K). Consider the analytic symbol {g, Ol'/Ol} eH^{U\ K, C^). 
Then (see 3.5 for the notation dU) 

g(L/L') = {g,6L'/0L]{dU). (3.6.5) 

To check (3.6.5), consider first the case when L, L' are meromorphically equivalent. 
Then 9l' /Ol is a meromorphic function on U, and both parts of (3.6.5) evidently 
coincide with g{dYv{9L' /Ol))- The general case follows since for any L, L' one can 
find (possibly enlarging K, as in (ii)) an L" meromorphically equivalent to L which 
is arbitrary close to L' , and both parts of (3.6.5) depend continuously on L' . 

3.7. Let TV be a holonomic 2?°°-modulc on X. By 3.4, it carries a canonical 
Frechet structure. For K as in 3.5, 3.6, let us define a relative determinant theory 
= ^{n/ujN)1 e VetxiN/uN) (cf. 2.4). 

If L, are ii'-lattices in A^, uiN such that V(L) C L^, then V yields a 
morphism of sheaves N/L loN/L^, and we denote by C{L,L^)m,k its cone. 

Example. Let M°° A'' be a "D-structure on N (see 3.2), and P be any finite 
subset of K such that M is smooth on K\P. Every P-lattices L, in M, ujM can 
be viewed as if-lattices in A'^, uN. If V(L) C L,^, then we get an evident morphism 
of complexes of sheaves (see 2.4) 

C{L,L^)m,p ^ C{L,L^)t^^K- (3.7.1) 



Proposition. (3.7.1) is a quasi-isomorphism. 

Proof. Our complexes are supported on a finite set P, so it suffices to check that 
RT{X, (3.7.1)) is a quasi-isomorphism. Notice that dR{L,Li^) := Cone{L L^) is 
a subcomplex of both dR{M) and dR{N), and C{L,L^)m,p = dR{M)/dR{L,L^), 
C{L, L^)n,t' = dR{N)/dR{L,Li^). Since dR{M) — > dR{N) is a quasi-isomorphism 
(see 3.2), we are done. □ 

By the corollary in 3.5, for i^-lattices L, L^^ in A'', ojN one has a J^/l*'^- 
morphism 

: r{N/L) T{ujN/L^). (3.7.2) 
Corollary. (3.7.2) is a Fredholm map. 

Proof. By loc. cit., the validity of the assertion does not depend on the choice 
of L, L^. So we can assume to be in the situation of Example, and we are done by 
2.4 and the proposition. □ 

We define /x^ £ VetK{N/u)N) as a relative determinant theory such that for 
any L G Ak{N), L^^ g Ak{ujN) one has 

-^o;) := Avjv/i„„N/i,„ ' (3.7.3) 

and the structure isomorphisms \k{L' / L)® iiY[{L / Li^)®\x{L^ / L'^) ^ ii^{L' / L'^) 
are compositions (3.3.2) for idN/L',N/L'^N/L,u,N/Ljdu,N/L^,u>N/L'^ = n/l',u>n/l'^- 
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3.8. Let V be any invertible holomorphic 1-form defined otiU\K, where U as 
in 3.5. The muhiphcation by v isomorphism iK-N\u ^ iK-'^N\ij yields an identifi- 
cation of the £-groupoids Ak^k-N) ^ AxijK-^^N), hence a relative determinant 
theory (see Remark (ill) in 3.6) 

/.^ = ijl{N/u^NYj, e VetKijK.N/jK.coN) = VetK{N/u;N). (3.8.1) 

Set 

£MN)(K,.) ■■= ® m'^-' e (3.8.2) 

Thus for every L e Ak^k-N) one has a canonical isomorphism 

£MN)iK,.) ^ fil{L/iyL); (3.8.3) 

for two lattices L, L' the corresponding identification ^'^{L/uL) ^ fi^{L' /uL') is 

til{L/pL) ^ \k{L/L') ® ix\{L'lvL') ® \k{vLIvL')®~^ ^ ii\{L' IvL'), (3.8.4) 

where the first arrow is the composition, the second one comes from the multipli- 
cation by V identification \k(L/L') ^ \k{vL/vL'). 

The construction does not depend on the auxiliary choice of U. When v varies 
holomorphically, ^^dR(^)(if,i/) form a holomorphic line bundle on the parameter 
space (by (3.8.2) and Remark (vi) in 3.6). li K = UK,^, then (3.6.3) yields a 
factorization (here Va are the restrictions of v to neighborhoods of Ka) 

® fdR(A^)(K„,.„) ^ fdR(iV)(K,.). (3.8.5) 

3.9. The above constructions are compatible with those from 2.5. Precisely, 
let M, P be as in Example in 3.7, and suppose that f is meromorphic on U with 
D := div{v) supported on P. Then Ap(M) C Ak{N), Ap(M(ooF)) C AkHk-N) 
(see loc. cit.). These embeddings are naturally compatible with the £-groupoid 
structures, so 

Vetp{M) = VetxiM), Vetp{M/ujM) = VetK{N/ujN). (3.9.1) 
By the proposition in 3.7, (3.7.1) provides an identification 

liJ{M/ijM) ^ ii^{N/ioN). (3.9.2) 
Joint with an evident isomorphism fj.p{M/ujM) ^ ^.'^{N/ijoN), it yields 

£dR{M)iD,c,.,) ^ £MN)iK,.)- (3.9.3) 
If v varies holomorphically, then (3.9.3) is holomorphic. 

3.10. Proof of the theorem in 3.1. By 3.2, ((> : B{M) ^ B{M') amounts to an 
isomorphism of D°°-modules M°° ^ M'°° . Threfore we can view M and M' as 
two X>-structures on a holonomic I?°°-module N. Choose the multiplicity of T to 
be compatible with both M and M' (see 2.1). We want to define an isomorphism 

: fdR(M) ^ fdR(M') in Cl^^{X,T). 
Let S be an analytic space, {D,c,up) G 35* (S) (see 1.1). We work locally 
on S, so wc have T" C T. Choose a compact K, its open neighborhood U, 
and a meromorphic v on Us such that K, U satisfy the conditions from 3.5, 
P C Ks, D = — div(i/), and up = u\p. We define (p'^ at {D,c,up) as the com- 
position £dR{M)(]:i,c,iyp) ^ £dR{N)(K,i^) ^ £dR{M')^D,cMp); here ^ arc (3.9.3). 
Equivalcntly, choose L e Ap(M), L' e Ap(M'); then 0"^ is the composition 

£dR{M)^D,c,.p) ^ y^{Ll^I^) ^ tJ^AL'/vL') ^ fdR(M')(D,c,.p), the first and 
the last arrows are compositions of (3.9.2) and (2.5.6), the middle one is (3.8.4). 
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The last description shows that (f)'^ does not depend on the auxihary choice 
of v. Indeed, v is defined up to muhipfication by an invertible function g on U 
which equals 1 on P. By (3.8.4), replacing v by multiplies the isomorphism 
^"^{L/vL) ^ ii^{L' / vL') by g{L/L') (see Remark (vii) in 3.6). Since T is com- 
patible with M and M', the 1-form (ilog(0L'/^i) (see loc. cit.) has pole at P of 
order < the multiplicity of P, so (3.6.5) implies that g{L/L') — 1. 

The construction is compatible with factorization, so we have defined cj)'^ as 
isomorphism in C'^{X,T). One has M\x\t = M'\x\t, and 0^|x\t is the corre- 
sponding evident identification. By the corollary in 1.12, this implies that (j)'^ is 
horizontal, i.e., it is an isomorphism in £*j^(X, T). 

The compatibility of (j)'^ with constraints from 2.8 is evident. Finally, the com- 
mutativity of (3.1.1) follows from the next proposition: 



3.11. Proposition. Suppose that X is compact, N is a holonomic 7)°° -module 
smooth on X\ K , and v is a holomorphic invertible 1-form on X \ K . Then there 
is a canonical isomorphism 

VdR ■■ £dR{N)(K^u) ^ AetRTdR{X,N). (3.11.1) 

// V is meromorphic and M is a V-structure on N , then the next diagram of iso- 
morphisms commutes (see 1.4 and 2.7 for the left column, the top arrow is (3.9.2)): 

£dR{M), ^ £dR{N)(K..) 

VdR i VdR i (3.11.2) 

det H,^{X,M) ^ detH,^{X,N). 

Proof (cf. 2.7). For L e AkUk-N) set \{L) dcti?r(X,i). Then A is a 
determinant theory on jk-N at K in an evident way. Replacing N by wN, we 
get \^ G VetxijK-UjN), hence A Ag"^ £ VetKijK-N/ jk-^^N). One has an 
isomorphism 

//^^A®A®-i, (3.11.3) 

namely, n^^iL/L^) := Xk{i^L/L^) = X^{i^L) ® X^{L^)^-^ ^ A(L) ® A^(L^)®-i = 
(A (g) X2~^){L/Li^) where ^ comes from the isomorphism : vL ^ L. 

For iiT-lattices L in N, in N^^ such that V(i) C L^^, set dR{L,L^j) 

Cone{L ~^ L^). Since dR{N) / dR{L, L^^) ~ C{L,L^), our dR{N) carries a 3-step 
filtration with successive quotients L^^, L, C{L,L^). Applying deti?r, we get an 
isomorphism 

det RT{X, C{L, L^)) ® X{L)®-^ ® A(i^) ^ det RT^KiX, N). (3.11.4) 

To get ?7dR, we combine (3.11.4) with (3.11.3) (and (3.7.3)). The construction does 
not depend on the auxiliary choice of L, L^. □ 

4 The Betti e-line 

We present a construction from [B] in a format adapted for the current subject. 
In 4.2~4-5 X is considered as a mere real-analytic surface. 
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4.1. Let £ be any Picard groupoid. For a (non-unital) Boolean algebrsF^ C. an 
C-valued measure A on C is a rule that assigns to every S G C an object X{S) G C, 
and to every finite collection {Sa} oi pairwise disjoint elements of C an identification 
0A(S'c() A(US'q) (referred to as integration); the latter should satisfy an evident 
transitivity property. Such A form naturally a Picard groupoid A4{C, C). 

Remarks, (i) For an abelian group A denote by A4{C,A) the group of A- 
valued measures on C. Then tti{A4{C, C)) = 7W(C, 7ri(£)), and one has a map 
TTo{M{C, £)) — > M{C,no{C)) which assigns to [A] a ttq (£)-valued measure |A|, 
|A|(5) := [A(S')] (see 1.1 for the notation). 

(ii) Let X C C be an ideal. Then A4{C/T, C) identifies naturally with the Picard 
groupoid of pairs (A, r) where A £ A^(C, C) and r is a trivialization of its restriction 
A|i to Z, i.e., an isomorphism 1m{i.c) ^ A^(X, -C). 

(iii) Suppose C is finite, i.e., C = (Z/2)-^ := the Boolean algebra of all subsets 
of a finite set T. Then an £-valued measure A on C is the same as a collection of 
objects At = A({<}), t G T. Thus M{T,C) M{1/i^,C) ^ . 

4.2. For an open C/ C X we denote by C(C/) the (non-unital) Boolean algebra 
of relatively compact subanalytic subsets of U . For U' dU one has C{U') C C{U), 
and U 1-^ M{C{U),£) is a sheaf of Picard groupoids on X. 

For a commutative ring R, let Cr be the Picard groupoid of Z-graded super 
i?-lines. Its objects are pairs L = (L,deg(L)) where L is an invertible i?-module, 
deg(L) a locally constant Z- valued function on Speci?; the commutativity constraint 
is "super" one. Every perfect i?-complex F yields a graded super line deti^ G 
Cr. For a finite filtration F. on F by perfect subcomplexes, one has a canonical 
isomorphism det F ^ det grjF; it satisfies transitivity property with respect to 
refinement of the filtration. For a finite collection {Fa}, every linear ordering of a's 
yields a filtration on ©Fq,, and the corresponding isomorphism det (BFa ^ ® det Fa 
is independent of the ordering; thus det is a symmetric monoidal functor. 

Let F = Fu be a perfect constructible complex of i?-sheaves on U. Then for 
every locally closed subanalytic subset ic ■ C ^ U the i?-complex i?r(C, Ri'cF) is 
perfect, so we have det i?r(C, Ri^F) G Cr. 

Suppose we have a finite closed subanalytic filtratiorF^ C<. on C (therefore 
Ci := C<i \ C<i-i are locally closed and form a partition of C). It yields a fi- 
nite filtratiorEJon RT{C, RiljF) with griRT{C, RicF) = RT{Ci, Ric^), hence an 
identification 

® deiRT{C„Ric^F) ^ det Rr{C, RicF). (4.2.1) 
It satisfies transitivity property with respect to refinement of the filtration. 

Lemma. There is a unique (up to a unique isomorphism) pair {X{F),l), where 
A(-F) G A4{C(U), Cr), i is a datum of isomorphisms 

Lc : X{F){C) ^ det Rr{C\ RicF) 

■^^Recall that a Boolean algebra is the same as a commutative Z/2-algebra each of whose 
elements is idempotent; the basic Boolean operations are xHy = xy, xVJy = x + y + xy; elements 
X, y are said to be disjoint \l x f} y = 0. The Boolean algebras we meet are already realized as 
Boolean algebras of subsets of some set. 

■^^I.e., each C<i is a subanalytic subset closed in C. 

■^^A filtration on an object C of a derived category is an object of the corresponding filtered 
derived category identified with C after the forgetting of the filtration. 



£^-Factors for the Period Determinants of Curves 



47 



defined for any locally closed C, such that for every filtration C<. on C as above, l 
identifies (4.. 2.1) with the integration ® X{F){Ci) \{F){C). 

Proof. Suppose we have a compact subanalytic subset of U equipped with a 
subanalytic stratification whose strata Cq, are smooth and connected. The strata 
generate a Boolean subalgebra C({Cq,}) of C(C/); call a subalgebra of such type nice. 
Every finite subset of C{U) lies in a nice subalgebra; in particular, the set of nice 
subalgebras is directed. To prove the lemma, it suffice to define the restriction of 
(A(-F),i) to every nice C({Cq}); their compatibility is automatic. 

By Remark (iii) in 4.1, A(-F)|c({Ca}) is the measure defined by condition 
X{F){Ca) = dei RT {C a, Ri-c^F). For a locally closed C in C({Ca}) one defines 
be using (4.2.1) for a closed filtration on C whose layers are strata of increasing 
dimension; its independence of the choice of filtration follows since det is a symmet- 
ric monoidal functor in the way described above. The compatibility with (4.2.1) is 
checked by induction by the number of strata involved. □ 

Example. Suppose C", C" G C{U) are such that C", C", and C C" U C" are 
locally closed, C n C" — 0. By the lemma, there is a canonical isomorphism 

det RTiC', Ri'c^F) ® det Rr{C", Ri'c^F) ^ det RT{C, Ri'cF). (4.2.2) 

If, say, C is closed in C, then this is (4.2.1) for the filtration C" C C. To construct 
(4.2.2) when neither C nor C" are closed (e.g. C = X is a. torus, and C", C" are 
non-closed annuli), consider a 3-step closed filtration C" C C" C C, where C" is the 
closure of C" in C; set P ~ C" \ C" = C" n C", Q C \ C" = C" \ P. By (4.2.1), 
deti?r(C",i?ic,F) «) deti?r(P,i?ipF) ^ det i?r(C", ^1^,^), det Rr{P, Ri^pF) ^ 
det Rr{Q, RiqF) ^ det RT{C", Riy,F), and det Rr{C', Rr^,F)^det RT{Q, RiqF) 
^ deiRT{C,Ri(jF). Combining them, we get (4.2.2). 

4.3. Let [/ C X be an open subset, and N = Mij C Tu be a continuous family 
of proper cones in the tangent bundle (so for each a; G C/ the fiber Mx is a proper 
closed sector with non-empty interior in the tangent plane Tx). For an open V C U 
we denote by A/V the restriction of A/" to V. 

One calls C e C{U) an Af-lens if it satisfies the next two conditions: 

(a) Every point in U has a neighborhood V such that C HV — Ci\C2 where 
Ci, C2 are closed subsets of V that are invariant with respect to some family of 
proper cones Afy D Mv El 

(b) There is a C^-function / defined on a neighborhood V of the closure C such 
that for every x € V and a non-zero r G Nx one has t(/) > 0. 

Let T{U,J\f) C C{U) be the Boolean subalgebra generated by all A/'-lenses. 
Basic properties of lenses (see [B] 2.4, 2.7): (i) Every A/'-lens C is locally closed, 
and Int C is dense in C; the intersection of two A/'-lenses is an A/'-lens. 

(ii) Every point in U admits a base of neighborhoods formed by AT-lenses. 

(iii) Suppose we have an A/'-lens C and a (finite) partition {Ca} of C with Cq G 
I{U,M). Then there exists a finer partition {Ci, . . . , C„} of C such that Ci are 
A/'-lenses and each subset C<i := Ci U C2 U . . . U is closed in C. 

Exercise. Every C G C{U) that satisfies (a) lies in 2{U,JV). 



^^Here 3) moans that Int Afy D Mv \ {0}i and A/'^-invariance of d means that every C^-arc 
7 : [0, 1] ^ y such that 7(0) S Cj and ^7(t) £ N'y \ {0} for every t, lies in C,. 
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Suppose F from 4.2 is locally constant (say, a local system of finitely generated 
projective i?- modules). Then for any TV- lens C one has RT{C, RicF) = (see [B] 
2.5). Let Tc : 1 ^ \{F){C) be the corresponding trivialization of the determinant. 

Proposition. The restriction of X{F) to X{U,J\f) admits a unique trivialization 
Tj\f ■ ^m(T{U.N'),Cr) ~* ^{P)\i(U.N') such that for every N -lens C the trivialization 
Tjsfc coincides with tq- 

Proof. By (iii) above, every finite subset of 2{U,N) lies in the Boolean sub- 
algebra generated by a finite subset of pairwise disjoint A/'-lenses. This implies 
uniqueness. To show that ta/ exists, it suffices to check the next assertion: For 
any A/"- lens C and any finite partition {Cq} of C by A/'-lenses the integration 
®\{F){Ca) ^ A(i^)(C) identifies ®tc„ with tc- 

Choose {Ci,...,C„} as in (iii) above. Since C<. is a closed filtration, the 
integration (8)A(F)(Ci) ^ A(F)(C) identifies (Eire-, with tc (see the lemma in 4.2), 
and for each a the integration ^X{F){Ci fl Ca) X{F){Ca) identifies (8)Tc.nCo 
with Tc^ ■ The partition {Ci} is finer than {Ca}, so we are done by the transitivity 
of integration. □ 

4.4. Let K he a, compact subset of X, W be an open subset that contains K, 
U -.^WXK. For A/" = Mu as above, let C{W,^f) be the set of C e C(W^) that 
satisfy the next two conditions: 

(a) For every C" £ I{U,Af) one has C n C" £ I(U,M). 

(b) One has Int(C) f\K ^C^K. 

Then C{W,M) is a Boolean subalgebra of C{W), and X{U,J\f) is an ideal in it. 

Exercise. Let K' be a subset of K which is open and closed in K. Choose 
an open relatively compact subset V oi W such that VCiK — VriK = K', and 
C e Z(t/,7V) such that C D dV ■.= V\ V. Then C := F \ C" £ C{W,J\f) and 
cnK = K'. 

Denote by C [K] the Boolean algebra of subsets of K which are open and closed 
in K. By (b), we have a morphism of Boolean algebras C{W,N') — > C[K], C t-^ 
CnK. It yields an identification 



Let F — Fw be a perfect constructible complex of i?-sheaves on W whose re- 
striction to U is locally constant. By the proposition in 4.3, we have a trivialization 
T^f of the restriction of X{F) to I{U,N). By Remark (ii) in 4.1, (4.4.1), the pair 
{X{F)\c(w,N')t'''n) can be viewed as a measure £{F)j^ G M{C[K\, Cr). If if is finite, 
then, by Remark (in) in 4.1, it amounts to a collection of lines £{F)(^i„M) £{F)j\fb, 



C{W,N)/I{U,M) ^C[K 



(4.4.1) 



heK. 



If C G C{W,N) is locally closed, then we have identifications 
£{F)M{Cr\K) ^ X{F){C) ^ detRr{C,RicF). 
In particular, if X is compact and W = X, then X e C{X,Af), and 

£{F)j^{K) ^ AetRT{X,F). 
If K is finite, this is a product formula 

® £{F){b,N) ^deti?r(X,i^). 



(4.4.2) 



(4.4.3) 



(4.4.4) 
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4.5. Suppose wc have another datum of W' D U' , N' — Mjj, as above, 
such that W c W, U' C U, and N' D Nu' ■ Then I{U',Af') C T{U,M), 
C{W' ,M') C C{W,N), and (4.4.1) identifies the morphism of Boolean algebras 
C{W',M')/I{U'M') C{W,Af)/I{U,J\r) with a morphism r : C[K'] C[X], 
Q I— > r{Q) := Q\U = Q n K. Since r^v"' equals the restriction of to I{U' ,M'), 
one has 

£{F)m, = r*£{F)M. (4.5.1) 

Remarks, (i) Taking for W' a small neighborhood of a component K' of K, 
U' = W CiU, Af' = Af\u', we see that £{F)j^/ has local nature with respect to K. 
(ii) By (4.5.1), £{F)j^{W' n K) depends only on the restriction of A/" to U'. 

4.6. Suppose now X is a complex curve, T c X a finite subset, F is a con- 
stnictiblc sheaf on X which is smooth on X \ T. Let us define a constructible 
factorization i?-line £b{F) on {X,T) (see 1.15). 

Let S be an analytic space, {D, c, i^p) e D'^{S). Let us define a local system of 
i?-lincs f (-F)(D,c,j/p) on S. Consider a datum {W,K,Af,iys), where W is an open 
subset of X, K a compact subset of W, = Mu is a continuous family of proper 
cones in the tangent bundle toU — W \ K (viewed as a real-analytic surface, see 
4.3), vs is an S'-family of mcromorphic 1-forms on W . We say that our datum is 
compatible if P = Pd_c C Ks, div(j/) = —D, v\p = vp, and the 1-forms Re(i^s) are 
negative on M. As in 4.4, every compatible datum yields the i?-line £{F)f^{K). 

Lemma. Locally on S compatible data exist; the lines £{F)j^[K) for all compatible 
data are naturally identified. 

Proof. The existence statement is evident. Suppose that we fix an open subset 
Wo of X and an S'-family of meromorphic forms vg on Wq such that P C Wqs, 
div(i^s) = D, and vp = v\p. Let us consider compatible data with W C Wq and 
the above vs- The identification of the lines for these data comes from 4.5. Thus 
our line depends only on vg; in fact, by Remark (i) in 4.5, on the germ of vs at 
P. If we move vs^ it remains locally constant. Since the space of germs of vs is 
contractible, we are done. □ 

Locally on S, we define ^ (-?')(£), c,i/p) as £{F)j^{K) for a compatible datum. The 
factorization structure is evident. For X compact, we have, by (4.4.3), a canonical 
identification 

r]:£{F){X)^AetRT{X,F). (4.6.1) 
Exercise. Check that £ satisfies the constraints from 2.8. 

Remark. Suppose X is compact and a rational form v has property that Re(i/) 
is exact, Re(j^) = df . Then the isomorphism ry : £{F)^ ^ detRr{X,F) can be 
computed using Morse theory: indeed, if a < a' are non-critical values of /, then 
/~^((a',a]) e C{Af) for Af compatible with v. 

In §5 we apply this construction to F = B{M), the de Rham complex of a 
holonomic U-module M, and write £b{M) := £{B{M)). We use the same notation 
for the corresponding de Rham factorization line (in the analytic setting). 

4.7. For fe G X and a meromorphic on a neighborhood of b, Vhiv) = —i, set 
f(F)(b,,) := £:(F)(^(,,.). Let F^'^ := Ri\F = R^^,y{X,F) = RT,{Xi„F), F^*^ := 
ilF = Rr{Xb, F) be the fibers of F at 6 in !- and *-sense (here Xi, is a small open 
disc around b). Let t be a local parameter at b. 
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Lemma. There are canonical identifications 

£{F)ib,t-^dt) = detF,('\ £{F\t„-t-^dt) = detFl*\ (4.7.1) 

Proof. Let Xb be a small disc \t\ < r. Let W be the open disc of radius r', K 

be the closed disc of radius r", r" < r < r' . If A/" is a sufficiently tight cone around 
the Euler vector field Re{tdt), then Xb e C{W,Af) and Xb G C{W, -Af). The data 
{W, K,M, —t~^dt) and (W, JC, —N, t~^dt) are compatible, and we are done. □ 
Thus if F is the *-extension at h, i.e., F^''' = 0, then £{F)(^b,t-'^dt) is canon- 
ically trivialized; if F is the !-cxtcnsion at 6, i.e., pj^*^ = 0, then £(-F)(h,-t-icit) 
is canonically trivialized. Denote these trivializations by G £{P)(b,t-^dt)^ ^1 ^ 
£{P)(b,-t~^dt)- 

Exercise. Suppose X = and P is smooth outside 0, oo. Then the compo- 
sition detFd'^ ® detFio*' ^ £{P){o.t-^dt) ® £{F)(oo,t~^dt) ^ dctRT{¥\P) comes 
from the standard triangle RT{oy{V\P) Rr{¥^,F) RT{¥^ \ {0},F) = P^\ 
In particular, if F is *-extension at and l-extension at oo, then 77(15 1^) = 1 
:= the triviahzation of det RT{F'^,F) that comes since i?r(pi, F) = 0. 

For X eX\T one has Fi'^ = Fi*^(-l)[-2], so (4.7.1) yields a natural identifi- 
cation 

£{F)^^{^^detF{-l)x\T. (4.7.2) 
If i? = C, then the Tate twist acts as identity. If M is a holonomic P-module, then 
B{M)x\T = -^J\t[1]' ^^'i (4.7.2) can be rewritten as 

£b{M)^x\t ^ (det Mx\t)^-'. (4.7.3) 

Remark. For any ^ £ Z we have the local system of lines f(F)(-^ 2t-*(it)j ^ C^. 
A simple computation (or a reference to the compatibility property in 1.11) together 
with (4.7.2) shows that its monodromy around z = equals {—ly^^^^^mb where 
rk(F) — degdctFxyT is the rank of P and mt, is the monodromy of det F around 
b. Thus (4.7.1) provides two descriptions of this local system for £ = 1 (using the 
fibers a,t z = ±1). For a relation between them, see below. 

4.8. We are in the situation of 4.7. Suppose i? is a field, outside singular points 
our F is a local system of rank 1 placed in degree —1, and Fb =0. Let m be the 
monodromy of F around b; suppose m 7^ 1. Then F^'^ vanishes as well, so we have 

4 G £{P)ib,t-^dt), n e £{P)ib,-t-^dt)- 

Proposition. The (counterclockwise) monodromy from t~^ dt to —t~^dt identifies 
4 with (l-m)-!^. 



Proof. Consider an annulus around b (which lies in U), and cut it like this: 
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Let D+ be the larger open disc, the smaller one, D± be their closures. Let 
^ be a constructible set obtained from the closed heart figure by removing the right 
part of its boundary together with the lower vertex; the upper vertex stays in ^. 
Set A:=D+\^,B:=^\D_€ I{U,N-), C := AU B = D+ \ D_. 

Suppose e > is small; let 9± be the real part of the complex vector field 
exp(z7r/2 ± ie)tdt, and A/± be a tight cone around 9±. Then A/+ is compatible 
with exp{ia)t^^dt for a G [0,7r/2], and A/"- is compatible with exp{if3)t^^dt for 
/3 e [7r/2,7r]. Our 9± are transversal to the lines of the drawing. Then A G 1{U,N'+) 
and B e J(C/, A/1) (each of them is the union of two lenses), hence ^ G C{W,M±). 

Thus the monodromy in the statement of the proposition is inverse to the com- 
position X{F){D^) ^ X{F)(P) ^ X{F){D+) where the first arrow is multiphcation 
by Tv_ G X{F){B), the second one is multiplication by & use 
tacitly the integration). Notice that Rrc{X,F) is acyclic; let r be the correspond- 
ing trivialization of X{F){C). Since the multiplication by r map A(F)(I?_) ^ 
A(F)(I)+) sends 1^ to ij,, the proposition can be restated as tj^^tj^_ = (1 — to)t. 

Consider the chain complex {P,d) that computes RTc{X,F) by means of the 
cell decomposition of the drawing. The graded vector space P is a direct sum of 
rank 1 components Pa labeled by the cells. Set Pa := ® Pa, Pb '■= © Pa- Since 

aeA l3eB 

A is the image of a 2-simplex with one face removed. Pa carries a differential c^a 
such that (Pa, rf^) is the chain complex of the simplex modulo the face. One defines 
ds in a similar way. Both (Pa, ^a) and (Pb, ds) are acyclic, and the corresponding 
trivializations of det Pa = X{F){A), detP^ = X{F){B) equal rv^, tj^_. 

Let P' = P^ ® P'g be sum of Pq's for a in the boundary of V. Then P' is a 
subcomplex with respect to both d and dA (B ds, on P/ P' the differentials d and 
dA® ds coincide, and the complex P/P' is acyclic. We see that P' is acyclic with 
respect to both d\pi and (c^a ® c?b)|p', and t, Tj^^Tj\f_ are the trivializations of 
detP' that correspond to these differentials. Our P' sits in degrees 0, 1. Choose 
base vectors ca € P'a-, /a S P^\ cb e Pbj fs £ ^'s such that dAieA) = /a, 
dsieB) = Jb, and d(eA) = fA - /s- Then (i(eB) = -m/A + /b- Therefore 
tjV+'W^/t = 1 - m, q.e.d. □ 

4.9. Let 6, i^, i' be as in the beginning of 4.7; suppose £ ^ 1. Denote by lyf, 
the principal term of ly at b. Let / be any holomorphic function defined near b and 
vanishing at b such that vi, — (df)i, if £ < 1, and i^i, — (d{f~'^))i, if > 1. For a 
small z e C, z 7^ 0, the set f^^{z) is finite of order \£ — 1|. For a finite subset Z of 
X, denote by F^\ F^*^ the direct sum of !-, resp. *-fibers of F at points of Z. Let 
e be a small positive real number. 

Proposition. For £ < 1, one has canonical idenf/ificaMons 

£:(P)(b,,) ^ detpW ® (cietP)'2,(_^))®-i ^ detP,^*' ® (detp)l\(^))«'-i. (4.9.1) 
Por £ > 1, one has 

f (P)(b,,) ^ det fI*^ ® det ^ det P.^'^ ® det pjll^^^. (4.9.2) 

Proof. Since £(P)(b depends only on the principal term of at 6, we can 
assume that ly equals df or d{f~^). Set A := A(P). 

Case ^ = 0: Then / is a local coordinate at b. Let Q be an open romb 
around b with vertices at / = ±e, ±ie, I and /' be the parts of its boundary 
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where Re(/) < 0, resp. Rc(/) > 0; set C := Q \ / = Q U /'. Then one has 
£{F)(b,u) = A(C) ^ A(Q) (g) A(J)®-i ^ A(0) ^ A(/'). This yields (4.9.1) due to the 
next identifications: 

(a) A(Q) ^ det RTq{X,F) ^ detF^'^ and A(Q) ^ det i?r(Q, i^F) ^ detF^^*^ 

(b) A(/) ^ dcti?r/(X,F), and i?r/-i(_,) (X, F) ^ i?r/(X,F); 

(c) A(/') ^ dctRr{r,Rij,F) ^ dcti?r(/',zJ,F[-l]) ^ (detF)*\(^))®-i, where 

the second isomorphism comes from i*j,F[—l] ^ Rij,iQ\iQF ^ Rij,F. 

Case (. = 2: Then / is a local coordinate at h. Define Q, etc., as above. Then 
£{F)(b,u) = HQ U /) = A(g \ /'), so (a)-(c) yield (4.9.2). 

If £ ^ 1 is arbitrary, then / is a 1 1? — 1| -sheeted cover of a neighborhood of b over 
a coordinate disc. The projection formula compatibility £^(F)({,^y) ^ £{f*F)(o,dt) 
for ^ < 1 and £{F)(^h,v) ^ £{f*F){Q^d{t-^)) for ^ > 1 reduces the assertion to the 
cases of i equal to and 2, and we are done. □ 



5 The torsor of e-periods. 

5.1. We consider triples (X, T, M) where X is a complex curve, T its finite 
subset, and M is a holonomic X>-module on (X, T) (i.e., a "D-module on X smooth 
off T). For us, a weak theory of e-factors is a rule £ that assigns to every such triple 
a de Rham factorization line £{M) on (X, T) (in complex- analytic sense). Our £ 
should be functorial with respect to isomorphisms of triples, and have local nature, 
i.e., be compatible with pull-backs by open embeddings. We ask that: 

(i) For a nice flat family (X/Q, T, M) (see 2.12) with reduced Q the factorization 
lines £{Mq) vary holomorphically, i.e., we have £{M) G £*pyg(X/(3, T). If the 
family is isomonodromic, then £{M) G £*j^(X/Q,T). 

(ii) £{M) is multiplicative with respect to finite filtrations of M's: for a finite 
filtration M. on M there is a natural isomorphism £{M) ^ ® £{gT^M). 

(iii) (projection formula) Let tt : (X'.T') {X,T) be a finite morphism of 
pairs etale over X \ T, so, as in Remarks (i), (ii) in 1.2, (ii) in 1.5, we have a 
morphism tt* : /:Jj^(X',T') ^ C'^^{X,T). Then for any M' on (X',T') one has a 
natural identification f (tt^M') ^ 7r*£'(M') compatible with composition of tt's. 

(iv) (product formula) For compact X there is a natural identification (see 1.4 
for the notation) rj = tj{M) : f (M)(X) ^ det i?rdR(X, M). 

The constraints should be pairwise compatible in the evident sense, (i) should 
be compatible with the base change, (ii) should be transitive with respect to re- 
finements of the filtration, and the isomorphism f (©Mq,) ^ ^£{Ma) should not 
depend on the linear ordering of the indices a (which makes £ a symmetric monoidal 
functor), (iii) should be compatible with the composition of tt's. 

Weak theories of £-factors form naturally a groupoid which we denote by "'E. 
Its key objects are £dR and £b- 

Replacing det i?rdR(X, M) in (iv) by the trivial line C and leaving the rest of 
the story unchanged, we get a groupoid ^¥P. It has an evident Picard groupoid 
structure, and ""E is naturally a "'E^-torsor. Below we denote by (i)°-(iv)'^ the 
structure constraints in ""E^ that correspond to (i)-(iv) above. 

5.2. Compatibility with quadratic degenerations of X. Let us formulate an 
important property of f € "'E. 
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Suppose wo have data 2. 13(a), (b) in the analytic setting; we foUow the notation 
of loc. cit. In 2.13 we worked in the formal scheme setting. Now the whole story 
of (2.13.1)-(2.13.7) makes sense analytically: we have a proper family of curves 
X over a small coordinate disc Q and an Ox-module M equipped with a relative 
connection V, etc., so that the picture of 2.13 coincides with the formal completion 
of the present one at g = 0. To construct X, notice that t± from 2.13(a) converge 
on some true neighborhoods U± of h± . Suppose that t± identify U± with coordinate 
discs of radii r± and nJ7_ = U±f^{Ti^\D\) = 0. Then Q is the coordinate disc of 
radius r+r_. Let W be an open subset of F x Q formed by those pairs (y, q) that if 
y eU+, then r_|t+(y)|^ > \q\r+, and if y e C/_, then r+\t-{y)\'^ > \q\r-. Our X is 
the union of two open subsets V := U+ x C7_ and W: wc glue (y, q) W such that 
y € U± with {y+,y^) e V such that either y+ or ?/_ equals y and t+{y+)t^ (y^) = q. 
The projection q : X ^ Q is {y,q) q on W and q{y+,y^) — t+{y+)t-{y-) on 
V. Set Koq:=X\W = {iy+,y-) S V : r^'\t+(y+)\ = rZ'\t-{y-)\}. The formal 
trivializations of L at b± from 2.13(b) converge on U±, and we define M by gluing 
-^60 and the pull-back Nw of TV by the projection W ^Y. 

Let us define an analytic version of (2.13.7), which is an isomorphism of Oq- 
lines 

det RqdR*M ^ det RTdR{Y, N) ® Oq. (5.2.1) 

Let i, j be the embeddings K^q ^ X ^ W. Since V \ K^q is disjoint union 
of two open subsets V±, V+ := {(y+,y_) : r^^|f+(y+)| > rZ^\t-{y-)\}, the com- 
plex T := i* j*dRw/Q{Nw) is the direct sum of the two components T±. Both 
maps i*dRx/Q{M) T± are quasi-isomorphisms, so Cone{dRx/Q{M) — > 

j*di?Tv/Q(A'^iv)), hence dcti?qdR*M ^ (det i?(7|vi/dR*A''M') ® (det iJglxog*-^-)®"^- 
Let iVx C j*Nw be *-extension from V+ side and !-extension from V- side. Then 
i*dRx/Q{Nx) = C ® J^-, hence detRqan^Nx ^ {det Rq\wdR*Nw) O 
(det i?g|if(,Q*.?"_)®~^. Thus we get a canonical identification a : detRqdR*M ^ 
det RqdR*Nx- Now Nw, hence A'^x, are P- modules, i.e., they carry an absolute 
flat connection, so RqdR*Nx, Rq\wdR*Nw carry a natural connection. It is clear 
from the topology of the construction that the cohomology are smooth, hence con- 
stant, Pg-modules. Since the fiber of RqdR*Nx at g = equals RrdR{Y,N), we 
get (5.2.1). 

For any £ G '^E we have an Og-line £{M)uq := £{M)(^jj^^i^^^^^ and a natural 
isomorphism £{M)^f^ ^ f (7V)(£) Oq, cf. (2.13.4). There is a canonical 
isomorphism £(iV)(£),ir,!y) £{N)i, defined in the same way as (2.13.9) (using 
7] on P^). Since X is smooth over Q° := Q \ {0}, we have rj : £{M)^q\qo ^ 
det RqdR*M\Qo. Thus comes a diagram 

Si^KiQ" ^ detRqdR*M\Qo 

i I (5.2.2) 

£{N),^Oqo detRTdR{Y,N)0OQo. 

We say that f is a theory ofe-factors if (5.2.1) commutes for all data 2. 13(a), (b). 
Such £ form a subgroupoid E of ""E called the s-gerbe; see 5.4 for the reason. 
For £^ e '"E^ there is a similar diagram 
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\ 

i Oqo (5.2.3) 

/ 

£°{N), O Oqo 

Those £° for which (5.2.3) commutes for every datum 2. 13(a), (b) form a Picard 
subgroupoid of "'E^. Our E is an E^-torsor. 



Proposition. £dn and £b are theories of e-f actors. 



Proof. Compatibihty of fdR with quadratic degenerations follows from 2.13. 
Namely, the construction from loc. cit., spelled analytically as above, provides rydR '■ 
£dR{M)i,Q ^ det_R(7dR*M over the whole Q (not only on Q°), and the proposition 
in 2.13 says that our diagram commutes on the formal neighborhood of q = 0. 
Hence it commutes everywhere, q.e.d. 

Let us treat Sb- Let Kao be a compact neighborhood of T U in F that 
does not intersect U±, K := K^c U {b-^.,b-}. Let A/" be a continuous family 
of proper cones in the tangent bundle to Y \ K such that Re(i/) is negative on 
it. Set K^Q := Kao x Q, Kq := KaoQ LI Kqq c X; let Afw be the pull-back 
of J\f by the projection W ^ Y. Then (X,KQ,Mw,iyQ) form a Q-family of 
compatible data as in 4.6. Consider isomorphisms rj of (4.7.1) for M and Nx. 
Our Q-family is constant near KooQ, so £-b{M)j^{Kooq) = £b{Nx)m{K^q) = 
£B{N)j^{Kao) ® Oq. Let C be a locally closed subset of V which consists of those 
{y+,y-) that 2|i+(y+)|/r+ - \t^{y^)\/r^ < 1 and 2|i_(2/_)|/r_ - \t+{y+)\/r+ < 1; 

set i?gdR*(?) := Rq\c*RrcdRx/Qi'?)- HAT is sufficiently tight, then C e C{X,J\fw) 
(see the proof of the lemma in 4.7), thus ^^b(?)a/'(.^ooq) = detiigj^^^(?). 

Since the construction of (5.2.1) was local at Kqq, the composition of£B{M) 
det RqdR*M ^ det RTdniY, N) (S) Oq = det RqdR*Nx in (5.2.2) can be rewritten as 

£b{N)m{K^) ® deti?(?^2(^) ^ £b{NMK^) ® detRq^^^iNx) ^ RqdR»Nx. 
Here comes from the identification 

ac : det Rq^^^^M) ^ det Rql^i{Nx) (5.2.4) 

(c) 

defined by the same construction as (5.2.1) with RqdR* replaced by i?<7dR, • 

The composition 5b (M) ^ £b{N)iS>Oq ^ det RTdRiY, N)iS'Oq = detRqdR*Nx 
in (5.2.2) equals £B{N)^{K^)®detRql^^iM) ^ £b{NU{K^) ^ £b{N)^{K^)(^ 

det Rq^^,{Nx) ^ RqdR*Nx. Here ^ come since Rq^^M) = RQ^^A^x) = 
0, hence their determinant lines are trivialized (notice that the trivialization of 

RldR*i^x) is horizontal, and at g = it equals the Betti version of (2.13.8) due to 
Exercise in 4.7). 

We see that commutativity of (5.2.2) means that a.c identifies the above trivi- 
alizations. To see this, consider the open subspace V- CV, and the corresponding 
2-step filtration jv-iM\v_ C M\v, and notice that Nx\v = grM|y. The assertion 
follows now from the construction of ac. □ 
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5.3. Let {X,T,M) be as in 5.1. For £ e '^'E, b £ X, and a meromorphic form 
u on a neighborhood of b, Vbiv) = —i, we write £(M)(b.,y) := f (M)(^(,_y). 

Remark. If 6 is a smooth point of M, then £'(M)(6 does not depend on 
whether we view & as a point of T or X\T (by 5.1(iii) with tt = idx, T = T'U{b}). 

Let 5{M)b^^ G Z be the degree of f (M)((,_^), and n{M\u G be the value of 
IJL G Aut(f (M)') (see 1.15) at (6, v). 

Lemma, (i) One has 5{M\^ = dim(B(M)^'^) + (1 - £)rk{M). 

(a) For c G the multiplication by c automorphism of M acts on £{M)(bM) us 

multiplication by c^(^">>>,^ . 

(Hi) One has iJ,{M)f,,u = {—lY^''^^^'mi,{M)~^ where mi,{M) is the monodromy of 
det Mx\T around b. 

(iv) For smooth M, there is an isomorphism £{M)^^^ ^ (detM)®"-^ compatible 
with constraint 5.1(ii) and pull-backs by open embeddings. In particular, this is an 
isomorphism of symmetric monoidal functors. 

(v) Suppose we have M, M' over discs U, U' which have regular singularity and are 

either *- or \-extension at b, b' . Let (j) :U U' be any open emhedding, (f>{b) = b' , 

and (j) : M (jf M' be any its lifting. Then the isomorphism £{4>) : £{M)^^^ ^ 
£{M')'j^^ does not depend on the choice of {(j),4'). 

Proof, (i) Let t be a local coordinate at 6, t{b) = 0. We can view t as an 
identification of a small disc at 6 with a neighborhood of G . Let us extend 
M\xf, to a 2?-modulc Af^*) on P'^ which is smooth outside {0,oo}, and is the *- 
extension with regular singularities at oo. Such M^*) is unique. 

By continuity, 5{M)},^v is the same for all v with fixed I. We can assume 
that V is meromorphic on P-"^ with div(i') C {0,oo}, so Vi^{v) = —2 — Voo{v). By 
5.1(iv), one has (5(M(*))o,,. +(5(M(*))oo,,. = XdR(P\M(*)) = dim(B(M(*) Thus 
the assertion for (X;,, M, v) amounts to that for {¥]^,M^^\v), i.e., we are reduced 
to the case when M is the *-extension with regular singularities. By 5.1(ii), it 
suffices to treat the case of rk(M) = 1; then, by continuity, it suffices to consider 
M = Ox (the trivial "D-module). By 5.1(iv) applied to P^ and t~^dt, we see that 
'5(Cpi)o,t-idt + ^(Cpi)oo,t-idt = -2, hence, since Voc(t'^dt) = vo{t~'^dt), one has 
<5(Cpi)fc,t-idt = -1- By factorization, (5(Opi )o,t-<dt = ^<5(Cpi)o,t-idt = q-e-d. 

(ii) The C^-action on £{M)(^i„i/)> which comes from the action of homotheties 
on M, is a holomorphic character of C^. Thus c acts as multiplication by (*^)!'.'' 
for some 5'{M)b^,y £ Z. The argument of (i) works for S replaced by 6', so 5 and 5' 
are given by the same formula, q.e.d. 

(iv) By (i), £^^\Ox) is a de Rham line of degree —1, which has local origin. 
Thus there is a line E of degree —1 and an isomorphism E Ox £'^^\Ox) 
compatible with the pull-backs by open embeddings of X's; such a datum is uniquely 
defined. 

The set of isomorphisms a : E ^ C[l] identifies naturally with the set of 
isomorphisms of symmetric monoidal functors as : f (M)^^) ^ (detM)®~^ (where 
M is smooth) that are compatible with the pull-backs by open embeddings. Namely, 
as is a unique isomorphism that equals a ® ido^ for Af = Ox- To sec this, notice 
that a matrix g G GL„(C) ^ Aut(C^) acts on f(^)(0^) as multiplication by 
det{g)~^ (which follows from (ii) and 5.1(ii)). 

(iii) Use (iv) and the compatibility property from 1.11. 
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(v) Let us show that Aut(M) acts trivially on £{M)l^\ Pick any g e Aut(A/). 
Since Mij\^i,j admits a ^-invariant filtration with successive quotients of rank 1, we 
are reduced, by 5.1(ii), to the case of M of rank 1. Here g is multiplication by some 
c e C^, and we are done by (ii) (since, by (i), £{M)'^^ has degree 0). 

Thus for given cf) the isomorphism £{4>) does not depend on the choice of 4>. The 
space of 0's is connected, so it suffices to show that the map cj) ^ £{<!>) is locally 
constant. If (j) varies in a disc Q, then we can find </> which is an isomorphism of 
P-modules on U x Q, hence our map is horizontal (see 5.1(i)), q.e.d. □ 

5.4. For £ £ E and {X,T,M) as in 5.1 the canonical automorphism /i of 
£{M) (see 1.15) is evidently compatible with constraints 5.1(i)-(iv), i.e., ^ is an 
automorphism of £. Here is the main result of this section: 

Theorem. Aut{£) is an infinite cyclic group generated by fi. All objects o/E are 
isomorphic. Thus E is a Z-gerbe. 

We call p"^ : £dji £b an s-period isomorphism. By the theorem, e-period 
isomorphisms form a Z-torsor i?B/dR referred to as the e-period torsor. 

Since E is an E^-torsor, the theorem can be reformulated as follows. By (iii) of 
the lemma in 5.3, every £'^ S E'' carries a natural automorphism pP that acts on 
f°(M)(b,^) as multiplication by fJ.{M)b^^ e C^E!I 

Theorem'. The map TL — > 7ri(E''), 1 > /i*^, is an isomorphism, and 7ro(E'^) = 0. 
The proof occupies the rest of the section. 

5.5. Pick any £° e ""fiO. Then for {X,T,M) as in 5.1 one has: 

Lemma, (i) The factorization line £^(M) E £*^(X, T) is trivial. 

(ii) Every automorphism of M acts trivially on £'^{M). 

(iii) For M of rang 0, the factorization line £'^{M) is canonically trivialized. The 
trivialization has local nature and is compatible with constraints 5.1(i)'^ -(iv)'^ ; it is 
uniquely defined by this property. 

Proof (i) One checks that the de Rham line £"{MY^^ on X \ T is trivial by 
modifying the argument in the proof of 5.3(iv) in the evident manner (or one can 
use 5.3(iv) directly, noticing that £° is the ratio of two objects of ™E). Similarly, 
£{M) has zero degree by 5.3(i). Now use the theorem in 1.6. 

(u) Let us show that g S Aut(M) acts trivially on £°{M)i^i,m)- Let M^*) be 
as in the proof of 5.3(i); g acts on it. We can assume that v is meromorphic 
on Pi with div(zy) C {0,oo}. The action of g on £:°(M(*))(pi) = £°{M)^o^^-^ 
f °(M(*))(oo,i') is trivial by 5.1(iv)°, it suffices to check that it acts trivially on 
f °(M(*))(oo . Thus we are reduced to the situation when our M is the ^-extension 
with regular singularities. By constraint 5.1(ii)°, it suffices to consider the case when 
the monodromy of M around 6 is multiplication by a constant. Then Aut(M) is 
generated by the diagonal matrices, and by 5.1(11)*^ we are reduced to the case when 
M has rank 1, where we are done by 5.3(ii). 

(iii) is left to the reader. □ 



f/^ does not equal the canonical automorphism fi of f (Af) (which is identity by 5.5(i)). 
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Remarks, (i) By (i) of the lemma, the degree hnes f °(M)(b for all i' with 
fixed vi,{i') ~ —£ are canonically identified; we denote this line by £'''(M)(^ £). By 
(ii) of loc. cit., it depends only on the isomorphism class of M, and by (iii) there is 
a canonical identification £*'(M)(b,£) £^{jb*M)(^i„e)- 

(ii) Suppose we have M, M' on discs U, U' which have regular singularity at 
&W e U^'l Let (p:U ^U' be an open embedding, (j){b) = b' , and : M ^ (j)*M' 
be any its lifting. Then the isomorphisms : 5°(M)(;,^£) f °(M')((,/_^) do 

not depend on the choice of {(f), (j)). To sec this, we can assume that M, M' are 
^-extensions at 6, 6', and then repeat the second part of the proof of 5.3(v). 

5.6. For m S let Mm be a P-module of rank 1 on a disc U, which has 
regular singularity at b G U with the monodromy m and is ^-extension at b. By 
the remark in 5.5, the degree line Q[„id) '■— £'^{Mm){b,£) depends only on m and 
£. By 5.1(i)°, G{rn.t.) form a holomorphic line bundle G = G{£''') over Gm x Z. The 
factorization structure on £'^{Mm) provides, by 5.5(i), canonical isomorphisms 

•X) G{l,i^) ^(l,S£„), 0(1J) ® G{m J.') G{rn.i+e')- (5.6.1) 

Suppose we have a finite collection {{rna,£a)} with IlmQ — 1, "Eta = 2. Then for 
any choice of a subset {ba} C P"'^ one can find a P-module M on of rank 1 which 
is smooth off {&q} and is *-extension with regular singularity at ba with monodromy 
ma, and a rational form v with div(i') — —T,iaba- Writing £{M){P^) = £{M)^ in 
5.1(iv)'^, we get 

V-®G(mM^^- (5-6-2) 
It does not depend on the auxiliary choices (for r] is locally constant, and the datum 
of {ba}, y forms a connected space; M is unique up to an isomorphism). 

Now assume that £^ e E. Consider the holomorphic G„-torsor = ^^(5°) 
over X Z that corresponds to G- 

Lemma. G^ has a unique structure of holomorphic commutative group Gm- extension 
ofGmXZ such that for any gi £ G^mi,ti)' and g € ^^„i...to„)-i,2-«i-. ..-£„) 

one has r]{g ® {gi ■ ■ ■ .g„)) ^ f]{g gi (g) . . . (g) .g„). 

Proof. The above formula defines commutative n-fold product maps — *■ 
, {gi,. . . , gn) I— > gi - ■ -gn, which lift the n-fold products on Gm x Z. We need to 
check the associativity property, which says that for any gi, . . . ,gn € G^ and any 
k,l<k<n, one has gi ■ ■ ■ g-n ^ {gi ■ ■ ■ gk)gk+i ■ ■ ■ Qn- 

For TO e set G^ := UG^^/) ^ Q"" ■ The maps [G^Y ^ Qi , Gi ^^G^^G^ 
coming from the arrows in (5.6.1) are evidently associative and conunutative, i.e., 
they define a commutative group structure on Gi and a -torsor structure on G^- 
Thus t/^ is a ^/j^-torsor over Gm- 

Since (5.6.2) comes from a trivialization of £{M), the above maps are restric- 
tions of the multiple products maps vn G^ ■ Moreover, the n-fold product on 
is compatible with the -action on for /i e Gi 

one has {hgi)g2 • • ■ gn — 

h(gi, . . . , gn). So, while checking the associativity, we have a freedom to change gi 
in its ^;^^-orbit. Thus we can assume that gi e ^^^^ are such that + . . .+£k = 1- 

Then one can find a quadratic degeneration picture as in 5.2 such that T = 
biQ U . . . U bnQ, M of rank 1 has regular singularities at biQ with monodromy TOj, 
div(£') = — S^j6jQ; the fiber Xi is P^, and Xq is the union of two copies of P^ with 
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{61, . . . , bk} in the first copy and {bk+i, ■ ■ ■ , in the second. The compatibihty 
with quadratic degeneration yields the promised associativity, q.e.d. □ 

5.7. Let TT*^") : U' ^ U, tt*^"^ (6') = 5, be a degree n covering of a disc completely 
ramified at b. Then iri"'^ Mm' is isomorphic to © M„i, and 115' (tt'"-'*!/) + 1 = 

n{vi,(i') + 1). Therefore 5.1(iii)°, 5.1(11)" yield a canonical isomorphism 

^ G(m.e) ^ G{m',n(i-1) + 1)- (5.7.1) 
m^—m' 

For example, ii n = 2, m' = I, £ = 1, then (5.6.2), with G(i,i) factored off, is a 
trivialization of G(-i,i), which we denote by e(_i^i) S Notice that 

^(ef_\i)) = 1. (5.7.2) 

This follows from compatibility of rj with tt, applied to a covering ^ , 1 1— > , 
the trivial 2?-module Opi on the source, and the form t~^dt on the target. 

Let Ext(CJm, Gm) be the Picard groupoid of holomorphic commutative group 
extensions of Gm by Gm- One has 7ro(Ext(Gm, Gm) = and 7ri(Ext(Gm, G^) = 
Hom(G„,G„) =Z. 

The quotient of Gm x Z modulo the subgroup generated by (—1, 1) identifies 
with Gm by the projection {m,£) ^ (-l)^m. Thus the quotient 0^(f°) of 0^ (f") 
modulo the subgroup generated by e(_i^i) is an object of Ext(GTO,GTO). 

.]EO^Ext(G„,G™) (5.7.3) 

is a Picard functor. It assigns to /i° £ Aut(f°) (see 5.4) the generator —1 of 
Z = Aut(^^(f°)). Therefore we can reformulate the theorem from 5.4 as follows: 

Theorem. is an equivalence of Picard groupoids. 

Let us define a Picard functor 

Ext(G„,G„) (5.7.4) 

right inverse to (5.7.3). We need to assign to an extension an object = £'^{Q^ ) 
of E". Suppose we have {X, T, M) as in 5.1. For 6 G T let m{M)b be the monodromy 
of dot M\x\T around &; for c G 2^ we denote by m{M)c the product of m{M)h for 
b (see 1.1 for the notation). Then 

S°{M)(D,c,i^) '■= G{-iy<=e(D)rHM)m(M)^- (5.7.5) 

Here § is the degree line that corresponds to the G^-torsor . The factorization 
structure comes from the product in . Constraints 5.1(1)°, 5.1(ii)° are evident. 
The identification £'^{^^^,M') ^ tt^£{M') of 5.1(iii)" comes since both lines are fibers 
of Q over the same point of C^. To see this, it suffices to consider the situation of 
(5.7.1): there the assertion is clear since IT (— l)^m = (— l)"(^~^^+^m'. Finally, 

m^—m' 

For compact X one has m(M)i = 1 and deg(Z)) is even, hence £°(M)(£),c,!y) = Qi = 
C, which is 5.1(iv)". The constraints are mutually compatible by construction. We 
leave it to the reader to check that f ° is compatible with quadratic degenerations 
of X, so we have defined (5.7.4). Due to an evident identification Q^{£^) = , 
(5.7.3) is left inverse to (5.7.4), so the theorem amounts to the next statement: 

Theorem'. For any £^ € E° there is a natural isomorphism t : £° £^{Q^ (^°))- 
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5.8. The; next step reduces us to the setting of 2?-modulcs with regular sin- 
gularities. For a holonomic IJ-module M we denote by M"^ the holonomic V- 
module with regular singularities such that B{M''^) = B{M), or, equivalently, 
M°° = M''''°°, see 3.2. The functor M ^ M""^ sends nice families of X»-modules 
to nice families (as follows from 2.14), it is exact, comutes with tt*, and one has 
an evident identification RrdR{X,M) RTdRiX , M''^) . Thus for any theory of 
e-factors £ the rule M ^'£{M) := £{M''^) is again a theory of e-factors. Clearly 
r is an endofunctor of E. The same formula defines an endofunctor r° of E°. It is 
naturally a Picard endofunctor, and r is a companion E'^-torsor endofunctor: one 
has ® '-"f '0 ^ '"V" ® ^'°), ''"f ° ® ^ '■(^° ® £)■ 

Proposition. The endofunctor r ofE is naturally isomorphic to idR. Namely, there 
is a unique k : ids r such that ks,m '■ £{M) — > £{M'^^) is the identity map if M 

has regular singularities. Sam,e is true for E replaced by E" . Here k*^ : irfgo ^ r*' is 
an isomorphism of Picard endofunctors, and k is an isomorphism of the companion 
¥P-torsor endofunctors. 

Proof, (i) Let us define a canonical isomorphism of factorization lines 

K = Ks,M : £{M) ^ £{M'^). (5.8.1) 

One has M\x\t = M^^\x\Ti and over X \ T our k is the identity map. It 
remains to define k^^^ : £{M)'^^^ ^ £{M''^)'^^^ for 6 G T (see 1.6 and 1.15). 

Pick a local parameter t at b. As in the proof of 5.3(i), M yields a D-module 
M(*) on Pi with £{M)^^^ = 5(M(*))(o,t-idt). Ditto for M^^ Since M'^(*) = M^*)"^ 
equals M^*) outside 0, constraints 5.1(iv) for M^*) and M''*'*^*^ yield isomorphisms 
£:(M(*))(o,t-idt)0£:(M(*))(^,4-Mt) ^ deti?rdR(P\M(*)) = deti?rdR(pi,M-(*)) ^ 
5(M'-^(*))(o,t-irft) ® f (M(*))(^,t-idt). Factoring out £{M('^)ioo,t-^dt), we get k^-^I 

It remains to show that k^^^ does not depend on the auxiliary choice of t. The 
space of local parameters t is connected, so we need to check that k is locally 
constant with respect to it. Let ts be a family of local parameters at b that are 
defined on the same disc Xf, and depend holomorphically on s G 5; then ts identify 
Xbs with a neighborhood U of {0} x S" in Let M^*^ be the pull-back of M by the 
projection U Xb, {v, s) i-^ tj^{v). This is a holonomic Pf/-module; let M^*) be a 
holonomic D-module on which equals M^*^ on U, is smooth outside {0, oo} x S, 
and is the ^-extension with regular singularities at {oo} x S. The restriction of 
M(*) to any fiber equals M^*-), i.e., M(*=) form a nice isomonodromic family. The 
identifications £{M)'^^ ^ 5(M(*^))(o. 4-1^4) are horizontal, ditto for Af^. We are 
done the compatibility of rj with the GauB-Manin connection. 

The same construction (with i?rdR(P^, •) replaced by C) yields for f ° G E° a 
canonical isomorphism 

kP : £°{M) ^ £^{M'^). (5.8.2) 

(ii) kP and k are evidently compatible with the tensor product of £'^'s and £'s, 
and with constraints 5.1(i)-(iii) and 5.1(i)°-(iii)°. It remains to check compatibility 
with constraint (iv). We treat the setting of E° (which suffices, say, since = r). 
Suppose we have {X, T, M) with compact X. We need to prove that the composition 

£°{M){X) ^ £°{M'^){X) "^'^ C equals r?(M). 
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Let 6 G T be a point where M has non-regular singularity, and M''^'' be the 
D-module which equals M outside of h and M''" near b. Let : £°{M) ^ £°{M''"') 
be equal to kP near b and the identity morphism off b. 

Lemma. The composition £°{M){X) ^ fO(M"'')(X) "^^'^ C egwaZs 77(M). 

The lemma implies the proposition: since (M''^'')''^ = M''^ and the composition 

£0(M) fOCM^^") 5(M'^) equals we are done by induction by the 
number of points of T where Ad has non-regular singularity. 

Proof of Lemma. Let v he & rational form on X such that Resb v = 1. Let ti, 
be a local parameter at b such that t^^dtb = v. 

Consider a datum 2.13(a) with F = U X, &+ = & G X, &_ = oo G and 
equal to t~^dt on and v on X. Let i+ be the parameter t^, t- be the parameter 

at 00. The corresponding family of curves X' as defined in 5.2 (it was denoted 
by X there) over Q = A'^ is the blow-up of X x A'^ at (&, 0) . We have a datum 
2.13(b) with N equal to M^*") on P^ \ {oo} and to M on X \ {&} (this determines N 
since it is !-extension with regular singularities at b- and ^-extension with regular 
singularities at 6+). Let L be any f±9t^-invariant &±-latticc in N such that the 
eigenvalues of ■iit±dt^ on L^^ and their pairwise differences do not contain non- 
zero integers. Then the spectra of the ±.t±dtj^ actions on L^j^ coincide, and there 
is a canonical identification a : Li,^ Liy_ characterized by the next property: 
Consider the i±9(_,_-invariant embeddings Lf,_ C r(P^ \ {0},L) and Lb^ C T{U,L) 
as in 2.13(b). By the definition of M^*""' , its sections over a punctured neighborhood 
of are identified with sections of M over U\{b}; by this identification the subspaces 
Lb^ correspond to one another, and a is the corresponding isomorphism. Let M' be 
the corresponding family of Ox-modules with relative connection on X/Q (which 
was denoted by M in 5.2). 

At g = 1 our M' equals M, so the top arrow in (5.2.3) at g = 1 equals t]{M). 
And the composition of its lower arrows equals the composition from the statement 
of our lemma. Since £^ G E*^, the diagram commutes; we are done. □ 

5.9. Let us turn to the proof of Theorem' in 5.7. For f ° G E° let = be 

the corresponding extension of G„i (see (5.7.3)) and G E'' be the object defined 
by (see (5.7.4)). We want to define a natural isomorphism i : £° ^ E^' . 

For {X, T, M) as in 5.1 we define a canonical isomorphism of factorization lines 

i : £°(M) ^ £0'(M) (5.9.1) 

as follows. Due to isomorphism (5.8.2), we can assume that M = Af^. Now t is 
a unique isomorphism of local nature which is compatible with constraints 5.1(11)" 
and 5.5(iii), and is the identity map for M = (see 5.6). Indeed, we can assume 
that X is a disc, T = {b}, and, by 5.5(iii), that M is *-extension at b. Then 
M = (BM^"^\ where the monodromy around b acts on M^™-' with eigenvalues m. 
By compatibility with 5.1(ii)°, we can assume that M = M^"^\ Pick any filtration 
on M with successive quotients of rank 1 and define t as the composition £^{M) ^ 
®£"{gr^M) = ®5°'(gr^M) ^ £"'{M) where ^ arc constraints 5.1(ii)". The choice 
of the filtration is irrelevant by 5.1° (for the space of filtrations is connected). 

Our t is compatible with constraints 5.1(i)°, 5.1(n)°; its compatibility with 
5.1(iu)° will be checked in 5.13. We treat 5.1(iv)° first; this takes 5.10-5.12. For 
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{X, T, M) with compact X let ^{X, M) e C be the ratio of 7y(M) for 5° and the 
composition of ri{M) for E^' with l. We want to show that ^(X, Af) = 1. 

5.10. By 5.8 and the construction of t, it suffices to consider M with regular 
singularities. By 5.5(iii), ^{X,M) depends only on M\x\t- Therefore, by compat- 
ibility with 5. I*', ^{X,Ad) depends only on the purely topological datum of (the 
isomorphism class of) a punctured oriented surface X \ T (that can be replaced by 
a compact surface with boundary) and a local system on it. 

The compatibility with quadratic degenerations implies that if Y is obtained 
from X by cutting along a disjoint union of embedded circles and N = M\y, then 
^{X, M) = ^(F, N). Here is an application: 

Lemma, (i) If M admits a filtration such that gr^M are V-modules of rank 1, then 

(a) For every {X,T,AI) with X connected one can find {X' ,T, M') such that the 
restriction of M to a neighborhood ofT is isomorphic to that of M' , X' is connected 
of any given genus g > g{X), and ^{X, M) = ^{X' , M'). 

(Hi) For every {X,T,M) one can find {X' ,T, M') with X' connected such that 
£^{X,M) = £^{X',M') and for every b the restriction of M' to a neighborhood 
of b is isomorphic to that of M plus a direct sum of copies of a trivial V-module. 

Proof, (i) By compatibility with 5.1(ii)°, we can assume that M is a I?-module 
of rank 1. Our assertion is true if X has genus by the construction. An arbitrary 
X can be cut into a union of genus surfaces, and we are done. 

(ii) Consider Y = XUZ where Z is a compact smooth connected curve of genus 
g~g(X); let iV be a Py-module such that N\x = M and N\z is a trivial I?-module 
of the same rank as M. Pick x ^ X \ T, z E Z, cut off small discs around x, z 
and connect their boundaries by a tube. This is X' . Take for M' any extension of 
My (restricted to the complement of the cut discs) to a local system on X' . Since 
C(Z, iVl^) = 1 by (i), one has ^{Y, N) = ^{X, M), hence ^{X', M') = ^{X, M). 

(iii) Let us construct {X',M'). First, add to M on different components of X 
appropriate number of copies of the trivial P-module to assure that the rank of M 
is constant; this does not change ^(X, M) by (i). Let Xi, . . . , Xn be the connected 
components of X. On each Xi \ T, choose a pair of distinct points x^, yi. Cut off 
small discs around xi, . . . , x„_i and y2, ■ ■ . ,yn, and connect the boundary circle at 
Xi with that at yi+i by a tube. This is our X' . Take for M' any extension of M to 
a local system on X'. □ 

5.11. Proposition. For X connected, ^{X,M) depends only on the datum of 
conjugacy classes of local monodromies of M (the rank of M is fixed). 

Proof. According to [PXT] . [PX2] . the action of the mapping class group on the 
moduli of unitary local systems of given rank with fixed cojugacy classes of local 
monodromies, is ergodic (provided that the genus of the Riemann surface is > 1). 
As in Theorem 1.4.1 in [G], this implies that for connected X with g{X) > 1 our 
£,{X, M) depends only on g{X), the rank of M, and the datum of conjugacy classes 
of local monodromies of M (indeed, ^ is invariant with respect to the action of the 
mapping class group by the compatibility with 5.1*^, and is holomorphic; by the 
ergodicity, its restriction to the real points of the moduli space of local systems is 
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constant, and we arc done). Use 5.10(ii) to eliminate the dependence on g{X) (and 
the condition on g{X)). □ 

5.12. For any {X,M), let Sp{M) be the datum of other than 1 eigenvalues 
(with multiplicity) of the direct sum of local monodromies. We write it as an 
element T,niZi (zi are the eigenvalues, n, are the multiplicities) of the quotient of 
Div{C^) modulo the subgroup of divisors supported at 1 G C^. 

Lemma. ^{X,M) depends only on Sp{M). 

Proof, (i) By 5.10(iii), it suffices to check this assuming that X is connected, 
and by 5.10(i) we can assume that the rank of M is fixed. By 5.11, it suffices to find 
for any iX,M) some {X',M') such that ^(X.M) = ^(X\M'), Sp{M) = Sp{M'), 
and each local monodromy of M' has at most one eigenvalue different from 1. Take 
any b GT; let be the local monodromy at b. Then one can find a local system 
ii'j^b) on with ramification at oo and n other points, n = rk(M), such that its local 
monodromy at oo is conjugate to m^^, and admits a flag of local subsystems 
such that each gr^Kf^i,) has rank 1 and ramifies at oo and only one other point. 
Cut a small disc around 6 in X and that around oo in P^, and connect the two 
boundary circles by a tube; we get a surface X'^f^y Let Af^'j^j be a local system on it 
that extends M and iC(b). By 5.10(i), ^{P^,K,^i,)) = 1, so ^{X'^^^y M'^^^^) = ^{X,M) 
by the compatibility with quadratic degenerations. Repeating this construction for 
each point of T, we get {X', M'). □ 

The lemma imphes that ^{X, M) = 1. Indeed, if Sp{M) = T^mzi, then Hzf' = 
1 (for the product does not change if we replace M by det M, where it equals 1 by 
the Stokes formula) . Therefore one can find a X'-module M' of rank 1 on P-"- with 
Sp{M') = Sp{M). Since C{X,M') = 1, we are done by the lemma. 

5.13. It remains to check that t of (5.9.1) is compatible with 5.1(iii)°. We want 
to show that for n : X' ^ X and a P-module M' the diagram 

fO(7r*M') ^ £°'{7r,M') 

i i (5.13.1) 

where the vertical arrows are constraints 5.1(iii)° for £^', commutes. For b G X 

let ■0(M',7r,6) be the ratio of the morphisms f "(7r*Af')i^^ ^ n^£"'{M')'^^ that 
come from the two sides of the diagram. We want to show that ip{M',-K,b) = 1 
(see 1.6). It is clear that ip{M', tt, 6) = 1 if tt is unramified at b. 

Our -0 has X-local nature and it is multiplicative with respect to disjoint luiions 
of X', so it suffices to consider the case when X, X' are discs and tt = tt'^"'' is 
ramified of index n at b. Choosing a local coordinate t at b, we identify X' and X 
with neighborhoods of in P"'^ so that our covering is the restriction of tt : P"' ^ P^ , 
t 1-^ t", to X. Let us extend M' to a 2?- module on P^, which we again denote by 
M', such that it is smooth outside and 1. We know that 5.1(iii)° is compatible 
with 5.1(iv)" for both and 5°'. Since t is compatible with 5.1(iv)" and tt is 
ramified only at and oo, we know that ip{M' ,n,0)^/j{M' .tt, oo) = 1. Since M' 
is smooth over oo, this means that V(M','7r("\ 6)V'(Ox', 7r("), 6)'"''(^) = 1. We are 
reduced to the case M' = Ox'- 
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Set '■= tt'"', 6). By above, -0^ = 1, i.e., tpn = ±1- By the construc- 

tion of (see 5.7), one has ■02 = 1- Due to compatibihty with the composition, 
one has Vmn = "^n^m = V'mV'n : i-G, ipn~^ = V"™"^- For m = 2 we get ipn = 1, 
q.e.d. □ 



6 The r-function. 

6.1. Let us describe exphcitly the e-period map p' = p^{M) : £dn{M) ^ 
£b{M) for e E'e/dR (see 5.4). 

By 5.8, p^M) equals the composition SdniM) A edRiM""^) A £b{M'^) = 
£b{M), where k is the canonical isomorphism of (5.8.1) and A is p'^{M''^). A 
different construction of the same k was given in (3.1.1) in terms of certain analytical 
Fredholm determinant (a version of r-function). 

From now on we assume that M has regular singularities. 

By (1.6.3), Example in 1.6, and Remark in 1.15, f?(M) amounts to a datum 
(f7(M)|^yy, {f?(Af){;^''}). Thus is completely determined by the isomorphisms 

£MM)'^^{j. A £b{M)'^x\t and fdR(M)i'^ ^ ^B(M)i'\ b £ T. 

Let us write a formula for p^ = pi : £dK{M)\^^ ^ £b{M)\^\ beT. Below t is 
a local parameter at b, and if,, jb are the embeddings {b} ^ ^ :— Xb \ {b}. 

If M is supported at 6, then £:dR(M)|,^^ = Sb{M)[^'^ = det i?rdR(X, M) and 

pI is the identity map. Thus for arbitrary M one has f?(Af)[^'' = £?{ji,*M)l^^'' (g) 
deti?rdR,{,,}(X, Af) and 

W = Plijb*M) ® iddctfl,raH{.}(XM)- (6.1.1) 

So it suffices to define p| for M = jb*M. Then we have a canonical trivialization 
4 oi£B{M)l^^ := £:B(A^)(,,4-irft), see 4.7. 

Let i be a i9t-invariant 6-lattice in M. Denote by A(i) the spectrum of the 
operator tdt acting on on Lb = L/tL. Suppose that it does not contain positive 
integers. Then the complex C{L,ujL{b)) (see 2.4) is acyclic; here L{b) :— t'^^L, 
i.e., ujL{b) = t~^dtL. Denote by i{L)zt-^dt the corresponding trivialization of 
fdR(-^)(6,2t-idt) det C{L,ujL{b)), z ^ (see (2.5.6)); it does not depend on 
the choice of t. li L' D L is another lattice, then t(i)zt-idt/''(E')zt-idt is the 
determinant of the action of z^^tdt on L' /L (see 2.5). In particular, we have a 
triviahzation i{L)i-icit of fdR(A^)[^'- 

We write pl{b{L)i-i^i) — 7pe(iv)l|j. For example, if M — is the 2?-module 
generated by t^, tdt{t^) = \t^, where A G C \ Z>o, and L = is the lattice 
generated by i^, then A(L^) — {A}, and we write 7pe(A) := ypc{L^). 

Theorem, (i) One has jL{L) ~ U jL{X). 

AeA(L) 

(ii) ForaeZ one ha^jpe+aW = (-l)''exp(-27riAa)7),.(A). 
(Hi) For one p^ in Es/dR one has 

7-. (A) = {2n)-'/^{l - exp(2^*A))r(A), (6.1.2) 

where T is the Euler T -function and (2'k)^I'^ is the positive square root. 



Recall that E-^/^ji is a Z-torsor. 
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Proof, (i) By above, for L' D L one has Tp'{L)/Tp^{L') = det{tdt; L' / L) . 
Therefore the vaHdity of (i) does not depend on the choice of L. So we can assume 
that (M, L) is a successive extension of some {M^, L^), and we are done since all 
our objects are multiplicative with respect to extensions. 

(ii) By 5.3(111), //(Afj^) acts on £'(Af/^)[^'' as multiplication by — exp(— 27riA). 

(ill) The claim follows from (11) and the next lemma: 

Lemma, (i) The function 7pE(A) is holom.orphic and invertible for A G C \ Z>o. 
and satisfies the next relations: (a) 7pe(A + 1) = A7pe(A); (b) For every positive 
integer n one has (A)^! ^ a±i ) . . . ^ ( a+^) ^ ^I-a^i ^ 

(ii) Any function 7 that satisfies the properties from (i) equals one of the functions 
7o(A) = (27r)~^/^(— 1)" exp(27riAa)(l — exp(27riA))r(A) for some integer a. 

Proof of Lemma. (1) We check (b); the rest is clear. Let tt : X' — > X is a 
covering of a disc completely ramified of index n at 6, so for a parameter t' at b' one 
has 7r*(t) = i'", hence -K*{t-^dt) = nt'-^dt'. Let M' be a D-module on X' which is 
the *-extension with regular singularities at b'. Consider isomorphisms 

£dR(7I"*M')(j,_t-id() ^dR(Af')(x',mt'-idt') ^dR(-^')(x',t'-idt') (6.1.3) 

where a is the projection formula identification and /3 is the V^-parallel transport 
along the interval [m, l]t'~^dt'. By the construction of 1^, the Betti version of (3a 
transforms to 

Suppose M' equals for some A e C. Then n^M' equals M^^"®M^^^'^^^"® 
. . . © If L' = L^, c M^, then 7r*L' = L,^/" L^^+^^Z" • • • 

^(A+(n i))/ti^ clear that a sends i(7r*_L')(-i^( to i{L')nt'-^dt' ■ Since t(L') 

is horizontal for the connection Vo of (2.11.3) (with I and n in loc. cit. equal 
to 1), /3 sends t(L')„t'-i<it' to n5-^(,(L')t'-idt'. Now p^(i(L')(,-id(,) = 7pe(A)l^, 
andp-(.(7r.L')t-Mt) =7p.(^*i')4 = l>(^)7p.(^)---7pe(^)U, and we are 
done since is compatible with 5.1(111). 

(11) Denote by E the set of functions 7 that satisfy properties from (1). Let 
be the set of functions e(A) which are invertible and holomorphic on the whole C 
and satisfy the relations (a) e(A + 1) = e(A); (b) e(A)e(A±i) . . . e(^±^) = e(A) 
for any positive integer n. Then E'^ is a group with respect to multiplication, and 
E is an iJ^-torsor. 

Notice that the function /i(A) := — exp(— 27r7'A) belongs to i?", and {\a]aei 
is a /Lt^-torsor. Recall that r(A) is holomorphic and invertible for A £ C \ Z<o, 
and satisfies the next relations: (a) r(A + 1) = Ar(A); (b) r(A) . . . r(A+siii) = 
(27r)^2~n^^'*'r(A) for any positive integer n. This implies that 70 belong to E. To 
prove the lemma, it remains to check that ji generates E^ . 

Pick any e G E^; let o be the index of the holomorphic map e : C/Z — » 
C^. Let us check that e/i'' = 1. Indeed, e/i" has index 0, so e/i°(A) = cxp/(A) 
for some holomorphic / : C/Z C. Notice that for any n G Z>o the function 
A ^ /(A) + /(A±i) + . . . + /(^^t^) - /(A) takes values in 27riZ, hence constant. 
Consider the coefficients of the Laurent series /(A) — Efe^ cxp(27rimA). The above 
property implies that {n — 1)6±„ = for n > 1, i.e., 6^ = for \m\ > 1. The case 
n = 2 shows that b±i = 0. Finally the fact that (n — l)6o S 27rZ for any n > 
implies that 60 G 27riZ, and we are done. □ 
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Corollary. For as in (6.1.2) the isomorphism : £dii{M)^^}^j, ^ ^^(M)^^^ 
equals the composition f(jfl(M)^^y (2^) ^^jg^^^^^^igi-i (^i^) ^^(jvf^W^ multi- 
plied by ((27r)V2i)'-MM) Replacing p^ by p^ + a multiplies it by (-l)'-'=(^)«. 

Proof. Suppose M is smooth at b. CompatibiUty with 5.1(iii) implies, as in 
Remark in 5.3, that pf, : SdRiM)^^^ ^ £'b(M)["^^ does not depend on whether 
b is viewed as a point of T or not. The exact sequence ^ M ^ jb*jb^ ~^ 
ibMb shows that i?rdR6(X,M) = Mb[-1], hence £?(M)[^^ = fvOb^M)^!) (g) 
(detMfc)®-!. The isomorphisms £:7(M)[^' ^ (detM(,)®-i come from triviahzations 
of £9{jb*MY^\ which arc L{M)i-ij_t in the de Rham and l[ in the Betti case. Since 
TpeiM) = ((27r)i/2i)rk(M) the theorem, we are done. □ 

The corollary together with the theorem completely determines p^{M). 

6.2. Here is another explicit formula for 

p' : fdR(M)(6 ^ £B{M)^b,-t-Ut)- 

Recall that £B{M)(^b-t-^dt) dot i?rdR(Xf,, M) by (4.7.1); here Xb is a small 
open disc at b. Let L be a tc^t-invariant 6-lattice in M such that A(L) does not 
contain non-positive integers, be the O-submodule of uM generated by V(i) 
(this is a 6-lattice). Then the projection 

T{Xb, dR{M)) -* C{L, L^) (6.2.1) 

is a quasi-isomorphism. Together with isomorphism r^^-t-^dt '■ ^dR(.^)(6,-t-idt) — * 
dctC(L,Lt^) from(2.5.6), it yields an identification e{L) : fdR(-^)(6,-t-idt) ~^ 
Thus = %e{L)e{L) for some tpe{L) € C><. 

Proposition. One has 'yleiL) = n and for as in (6.1.2) 

AeA(L) 

7;. (A) = (27r)-i/2 exp(7rj(A - l/2))r(A). (6.2.2) 

Proof. E L' Z) L is another lattice as above, then e{L')/e{L) is the determinant 
of the action of —tdt on tL'/tL, so the validity of the assertion does not depend on 
the choice of L. It is compatible with filtrations, and holds for M supported at b, so 
we can assume that M has rank 1 and is the *-extension at b. Thus A(L) — {A}; by 
continuity, it suffices to consider the case of A ^ Z. Then the complexes in (6.2.1) are 
acyclic. The corresponding triviahzations of £dRiM) (^b,-t-^dt) and fB(-M)(b,-t-idt) 
are i(L)_t-idt from 6.1 and 1^ from 4.7; by construction, e(Z/)(i(L)_t-idt) = l^- 

By (2.11.3), the counterclockwise monodromy from t~^dt to —t~^dt sends 
i{L)^-i^^ to exp(7ri(A — l/2))b{L)_t-i^i. According to 4.8, the same monodromy 
sends 1^ to (1 — exp(— 27r«A))^^l^. Since p^ is horizontal, one has 7pe(A) = (1 — 
exp(-27riA))-^ 7-e(A) exp(7rz(l/2- A)) = exp(7ri(A- 1/2))(1 -exp(27r«A))-i7-. (A), 
and we are done by (6.1.2). □ 

Example. If Ad is smooth at b and L = tM, then isomorphism (6.2.1) is 
r{Xb,M^) ^Mb,m^ mb, and j;e{tM) = {{2^)-^)'^^^'^ e{L). 

Exercise. Deduce Euler's reflection formula r(A)r(l — A) = 7rsin~^(7rA) from 
(6.1.2), (6.2.2), the lemma in 2.7, and Exercise in 4.7. 
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6.3. Let us write down a formula for the factors [p^^ from 0.3. 

Recall that we have X, M and defined over a subfield k of C, and B{M) is 
defined over a subfield k'. The finite set of singular points of M and ly is defined 
then over k; it is partitioned by Aut(C/fc)-orbits. Let O be such an orbit. The 
C-line £dR{M){o,,y} = ® ^dR(M)(i:,z.) is defined over k by §2@and £B{M)(^o,,y} = 

(g) £:b(M)(j,_^) is defined over k' by §4. Computing p" : £dR{M)i^o,u) ^ Sb{M)^o,u), 

G -Ee/dR, in k- and fc'-bases, we get a number whose class [p^^ in C^/fc'^fc^ 
does not depend on the choice of the bases and the choice of p*^ in i?B/dR- Let us 
compute [p^Q explicitly assuming that M has regular singularities. 

For & e O let fcb C C be its field of definition; let Xi, be a small disc around 
h. Choose an auxiliary datum on the de Rham side: it is {t^ L,u,v), where t is a 
parameter at &, L is a t9t-invariant 6-lattice in M, u is a non-zero vector in detLb, 
and u is a non-zero vector in detC{L, L^) (see 6.2); we assume that {t,L,u,v) 
are defined over kb. Let Af, be the spectrum (with multiplicities) of tdt acting 
on the fiber L^; we assume that A;, does not contain non-positive integers. An 
auxiliary datum on the Betti side is (0, w), where </) is a non-zero horizontal section 
of det M over the half-disc Re(t) > 0, which is defined over k' (with respect to the 
Betti fc'-structure on the sheaf of horizontal sections), w is a non-zero vector in 
deti?rdR(Xb,M) defined over k'. 

The data yield numbers: The leading term of at is a^t^^dt, ab ^ k^' ; let rb £ 
kb be the trace oitdt acting on Lb- Notice that nib '■— exp(— 27rrf,) is the monodromy 
of detM^ around b, so mb G k'^ . Then the section t^''(j) on the half-disc extends 
to an invertible holomorphic section of detL on Xb] set (3b '■= {t^''(t>)b/u G C^. Let 
Sb G be the ratio of v and the image of w by the determinant of (6.2.1). 

Let us compute the numbers a^, /3b, 6b and the spectrum A;, for each b E O 
using Galois-conjugate de Rham side data. Set n := rk(M). 

Proposition. One has 

[pfo,.)] = n {2nr'^^-'^m^af-'''^3i-'Sb U r(A). (6.3.1) 

Proof. For the sake of clarity, we do the computation assuming that 6 is a 
/c-point, leaving the general case to the reader. 

As follows from (2.11.3), the validity of formula does not depend on ab- Notice 
that the class of a^''' := exp(— r?, log(ab)) in C^/fc'^ is well defined: adding 27ri to 
the logarithm multiplies the exponent by rub £ k'^ . 

If £ = 1 and ab = —1, then the formula follows from (6.2.2). 

To finish the proof, it remains to check that 

[pU^t-^-Ut)] = (2^)"^*"/3[/'(M-^dt)]- 
Consider a family of forms t^^r t^^(x—t)^^dt. Then £dR,(Af)(2;_ij,,ix^) = p^ (t^^^{t— 
x)L/L^) = detC(L, L^) ® X{L/f'^{x - t)L)®-^ = C(L, L^) ® /t'^-^L)®-^ ® 
X{t^-^L/t'^~\x - t)L)®-i. We fix a non-zero / in X{L/t^'~^L) defined over k. Any 
local trivialization g of det L yields then a trivialization e{g)x '■= v(E)l~^ '®t"^^~^^g~^ 
of i?dR(-A^)(2;.ii,,i/^); if 5 is defined over fc, then so is e{g). 

^^The group Aut{C/fc) acts on £dR{^)(0,v) t>y transport of structure; its fixed points is the 
fc-structure on ^T^h (Af)(Q_^) . 
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The leading terms of at t = and t — x are x ^dt and x ^{x — t) ^dt. 
Applying (2.11.2) to the x-lattice {x — t)L and (2.11.3) to the 6-lattice t^~^L, we see 
that e{V''4))x = v®{x t~'^)®{x^'^ (f)^^) is a horizontal (with respect to a;) 

section of £dR(Af)(j;^i^,i,^). Since the value at b of /Sfci"'^^^^' (i''''(/))^^ is a generator 
of Aet{t^~^L/t^L)^~^ defined over fc, we see that f3be{t''''(l))b S £dK{M)(^f„~t-^-^dt) 
is defined over k. If s a horizontal section of fB(Af)(£!;,ii,.iy^) over Xb defined over k', 
then {e{V' (j))) / s is a constant function. Its value at a; = 0, i.e., at 6, belongs to 
Pb^[p\b -t-'-'^dt)^' factorization and Example in 6.2, its value at a; = 1 belongs 
to [p^jj j_;^j^](27r)~ti"j and we are done. □ 

Notation, 2.9; C{U) 4.2; C{WM) 4.4; C{L,L^) 2.4; D, D^, {D,c,vp), 
{D,c,v) 1.1; |-D| 1.1; dR{L,L^) 2.7; Vetp/s{E), Vetp, s{Eil E2) 2.3; Div(X) 1.1; 
"'E, ""E" 5.1; E, £0 5.2; £ 1.2; 1.6; -BdR/B 5.4; e, 2.5; £b{M) 4.6; fdR(M) 2.5; 
X(C/,A/') 4.3; 2.2; Homc{Ji,J2) 2.2; jT*M 2.4; ^(D), K{D)^^ ^ 1.1; /C^ 1.1; 
i^^^ 1.1; £v, Ck. Co, CdR 1.2; 4r(-^^J l-H; -COr 1.7; /:dR(^,Tj, £dR(^,r)W, 
CdR{X\T)W 1.6; 1.5; 4j^(X,r;if) 1.11; C%{X,T)'^-'"\ CfiX,T;K)T 1.13; 
A^(C(C/)) 4.1; O^^ 1.1; OJ^ 1.1; Pd,c 1-1; Rat 1.4; r^,, 2.5; V„ys 1-2; V''"^ 1.3; 
2.9; 4.3; T, T| 1.1; 7;.(L), 7;, (A) 6.2; -fl.^{L), 7;.(A) 6.1; Ap 2.3; A(F) 4.2; 

A(L) 6.1; 2.4; 2.5; /^^ 2.9; p^J" 2.10; ^o(A), 7ro(/:), ^i(/:) 1.1; <^k 

2.10; 2.11; lo{X,T) 1.12; ^^^(i^^)'"^ 1.10; 2.9; 4, 1^ 4.7; 2^ 1.1. 
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